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Reduction formulae :

(I) Evaluation of
∫

xn√
ax2+bx+c

dx for n ≥ 0.

Hint : Let In =
∫

xn√
ax2+bx+c

dx and note that

xn = x · xn−1 = (2ax+b)−b
2a · xn−1. Therefore

In =
1
2a

∫ (2ax+b)√
ax2+bx+c

· xn−1dx −
(

b
2a

)
In−1, for n ≥ 1.

Now using integration by parts, we get for n ≥ 2,∫
xn−1 · (2ax+b)√

ax2+bx+c
dx = (2

√
ax2 + bx + c)xn−1

−2a(n − 1)In − 2b(n − 1)In−1 − 2c(n − 1)In−2,
by multiplication and division by

√
ax2 + bx + c

Thus In =
√
ax2+bx+c

an xn−1 − b(2n−1)
2an In−1 − c(n−1)

an In−2
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Remark :

Note that I1 =
∫

x√
ax2+bx+c

dx =
∫ (2ax+b−b)/(2a)√

ax2+bx+c
dx

= 1
2a

∫
2ax+b√
ax2+bx+c

dx − b
2a

∫
1√

ax2+bx+c
dx

=
√
ax2+bx+c

a − b
2a I0, where I0 =

∫
1√

ax2+bx+c
dx

Illustration 1 : Evaluate
∫

x3√
x2−2x+2

dx .

Solution : Let I3 =
∫

x3√
x2−2x+2

dx .
Therefore by above reduction formula,
I3 =

√
x2−2x+2

3 x2 − (−2)(5)
6 I2 − 2(2)

3 I1,

and I2 =
√
x2−2x+2

2 x − (−2)(3)
4 I1 − 2(1)

2 I0.

Also I1 =
√
x2 − 2x + 2 + I0

and I0 = log((x − 1) +
√
x2 − 2x + 2).
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(II) Evaluation of
∫

dx
(x2+a2)n for n ≥ 1.

Hint : Let In =
∫

dx
(x2+a2)n for n ≥ 1.

Clearly I1 =
∫

dx
(x2+a2) = tan−1

(
x
a

)
.

∴ By integration by parts, for n ≥ 2, we get
In =

∫
1

(x2+a2)n · 1dx = x
2(n−1)a2(x2+a2)n−1 +

2n−3
2(n−1)a2 In−1

by adding and substracting a2 in x2 in the second integral.

Illustration 1 : Evaluate
∫

1
(x2+1)4dx .

Solution : Let I4 =
∫

1
(x2+1)4dx . Here a = 1 and

n = 4. Therefore by above reduction formula,
I4 =

x
2(4−1)12(x2+12)4−1 +

(2×4)−3
2(4−1)12 I4−1 =

x
6(x2+1)3 +

5
6 I3.

Now I3 =
x

4(x2+1)2 +
3
4 I2 and I2 =

x
2(x2+1) +

1
2 I1.
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(III) Evaluation of
∫
(x2 + a2)n/2dx for odd n ≥ 1.

Hint : Let In =
∫
(x2 + a2)n/2dx for n ≥ 1. Clearly

I1 =
∫ √

x2 + a2dx = x
√
x2+a2

2 + a2

2 log(x+
√
x2 + a2).

∴ Using integration by parts, for n ≥ 2, we get

In =
∫
((x2 + a2)n/2 · 1)dx = x(x2+a2)n/2

n+1 + na2

n+1 In−2,
by adding and substracting a2 in x2 in the second integral, where

In−2 =
∫
(x2 + a2)(n/2)−1dx =

∫
(x2 + a2)((n−2)/2)dx .

Illustration 1 : Evaluate
∫
(x2 + 9)5/2dx .

Solution : Let I5 =
∫
(x2 + 32)5/2dx . Here a = 3

and n = 5. ∴ By above reduction formula,

I5 =
x(x2+32)5/2

5+1 + 5(32)
5+1 I3 and I3 =

x(x2+32)3/2

3+1 + 3(32)
3+1 I1.
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(IV) Evaluation of
∫
sinn xdx for n ≥ 2.

Hint : Let In =
∫
sinn xdx =

∫
(sinn−1 x)(sin x)dx .

Therefore, using integration by parts and
using cos2 x = 1− sin2 x , we get for n ≥ 2,

In = − (sinn−1 x)(cos x)
n + n−1

n In−2.

(V) Evaluation of

∫ π/2

0

sinn xdx for n ≥ 2.

Let In =

∫ π/2

0

sinn xdx for n ≥ 2.

∴ In =
[
−(sinn−1 x)(cos x)

n

]π/2
0

+ n−1
n In−2 =

n−1
n In−2.
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(VI) Evaluation of

∫ π/2

0

cosn xdx for n ≥ 2.

Let In =

∫ π/2

0

cosn xdx for n ≥ 2.

As

∫ π/2

0

cosn xdx =

∫ π/2

0

cosn(
π

2
− x)dx ,

In =

∫ π/2

0

sinn xdx for n ≥ 2.

Therefore In =
n−1
n In−2 for n ≥ 2.

Note that

∫ a

0

f (x)dx =

∫ a

0

f (a− x)dx and cos(π2 − x) = sin x .
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Case I : Suppose n is even. Then

In =
(
n−1
n

) (
n−3
n−2
) (

n−5
n−4
) (

n−7
n−6
)
· · ·
(
1
2

)
I0,

where I0 =
π
2 .

Case II : Suppose n is odd. Then

In =
(
n−1
n

) (
n−3
n−2
) (

n−5
n−4
) (

n−7
n−6
)
· · ·
(
2
3

)
I1,

where I1 = 1.

Ex. : Evaluate

∫ π/2

0

sin8 xdx and

∫ π/2

0

cos9 xdx .
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Illustration :

Show that

∫ π/6

0

cos4(3x) sin2(6x)dx =
5π

192

Solution : We know that sin 2θ = 2 sin θ cos θ.
Now put 3x = t. ∴ 3dx = dt or dx = dt

3 .
Also, when x = 0, t = 0 and when x = π

6 , t =
π
2 .

Hence
∫ π/6

0

cos4(3x) sin2(6x)dx =

∫ π/2

0

cos4 t(2 sin t cos t)2
dt

3
=

4

3

∫ π/2

0

cos6 t sin2 tdt =
4

3

∫ π/2

0

(cos6 t − cos8 t)dt =

4

3

(∫ π/2

0

cos6 tdt −
∫ π/2

0

cos8 tdt

)
=

4

3

(
(5)(3)(1)

(6)(4)(2)

π

2
− (7)(5)(3)(1)

(8)(6)(4)(2)

π

2

)
=

5π

192
.
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Thank you
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