Partial derivatives

Partial derivative of a function w.r.t.x
A partial derivative of function f(x,y) w.r.t. x at point (xg,yo) is
of — lim f(xo+h,y0) — (o, y0)

%|(xo Y0) hes0
It is denoted by f.(xo,yo)

Partial derivative of a function w.r.t.y

A partial derivative of function f(x,y) w.r.t. y at point (x,yo) is
of 1 f(wo,y0 + k) — f(x0,%0)
8_y (zo,y0) = kli% L

It is denoted by f,(zo, yo)

, if limit exists

, if limit exists

Examples:

1. Find partial derivatives of the following functions.

a)f(x,y) = bry — Te* — y* 4+ 3z — 6y + 2 at point (2, —3)

b)[(z,y) = sin’(z — 3y)

Solution: (a) Let f(z,y) = 5xy — 72*> — y* + 3x — 6y + 2 at point (2, —3)
% =5y — 4o + 3

-3 = 5(—3) — 14(2) + 3 = —40

=50 —2y-6

o5 =5(2) —2(-3) =6 =10

(b) Let f(z,y) = sin*(z — 3y)

g_]; _ 28271(27 )3[5271 z—3y)]
? = 2sin(x — 3y)cos(x — )8(3: 3)

9f — 9sin(x — 3y)cos(x — 3Z/)<1)

ox

31; = sin[2(x — 3y)]

g_g _ 252n(x o 3y) [szn z—3y)]

21— sin(a — 3y)cos(s — 39) 2520

% = 2sin(z — 3y)cos(x — 3y)(—3)
9 = —3sin[2(z — 3y))

2.Find f;, fy, f. of the following functions
(a)f(x7y72> =T — \/m

(b)f(l‘, Y, Z) = 32’7171(1@2)

Solution: (a) Let f(z,y,2) == — \/y? + 22

fx =1
_O(z—4/y%+2?)
fy -y
2y y

hy=—= = e
f _ 8(x—\/y2+—22)

0z
£, =— 1 OW*+2%) _ 2
L =

2\/y2+22 0z o 2\/y2+z2 - \/y2+zz
(b) Let f(x,y,2) = sin™" (vyz)




\/1 x y2z2 Ox \/1 x2y222
fy 17x2y2z2
zy
e 1—22y222

3. By using limit definition of partial derivatives, Compute the partial derivatives of
flx,y) =4+ 2z — 3y — xy? at (2,—1)
Solution: Let f(z,y) = 4 + 2z — 3y — zy?
: 9 . J(xo+ h,yo) — [(@o, Yo)
Since %kxo,yo) = Ilzli%

h
f(=24+h,1)— f(—=2,1)

of —
9z 20 T G h
P22 h) -3 (24 k) - [4—4-3+7
~ h0 h
g A4 2h-342-h - ]
© h50 h
i :a; £ ) = f (0, %0)
N xo, Yo + k) — f(xo, Yo
Similarly ay | @owo) = ,lgl_)o k
3 L F(=2,14E) = f(=2,1)
oz 2D T %}i% k 2
OF o +2(=2)~ 314 K) — (-2 + AP~ -1
oy 2150 k
2
lika kzlim2k+1=1
k—0 k—0

4. Find % at (1,—1,—3), if the equation zz + ylnx — 2% + 4 = 0 defines z as a function
of y, z ad partial derivative exists.

Solution: Let xz + ylnz — 2> +4 =0

differentiating partially w.r.t. 2z

x+z§x+ggx 293 =0
x—l—(z—l—g—Qa:)a“—O
. Oz __ —z

© 9z zzty—2a2
At a point (1,—1,—3)
gz _ 1

oz~ 6

5. If resistors of Ry, RQ, R3 ohms are connected i parallel to make an R ohm resistors,

the value of R as % =7 T R—2 + & . Find 2 8R , when Ry = 30, Ry = 45, R3 = 900hms.
Solution: Since % = —1 —i— R—2 + = R3
d d
o (%) = (7 T )
Lt 9o __1 0 (ﬁ)?
R2 OR, RZ OR; R>
IfR1—30 R2—45 R3—900hm3 —1/9

Second order partial derivatives
If we partially differentiate f(z,y) twice , we get second order partial derivatives.



Ig is8 ngeno%%c} by

11

do\ay) = daoy — VJuJz = Jye

() = g = )y = fuu

5%(8_5) - giyg = (fy)y = fyy = fy2

The second order partial derivative at point (zg,yo) are defined as

fo(zo 4+ h,y0) — fo(Z0, 0)

faz(0,y0) = }llim

—0 h
Fou(@0, Y0) = }g% fz(20, Y0 + k}i — fe(z0,90)
a0, y0) = lim Jylwo £, yo;i — ful0, 10)
Fyu(0, o) = lim fy(wo, 9o + k]i — £,(z0, o)

Example
1. Find all second order partial derivatives of function f(z,y) = tan—l(%)
Solution: Let f(z,y) = tcmfl(%)

aof _ 1 ﬁ(g)
dr 1+ (4202w
2 —y
- :1:2—1—3/2(?)
Yy
$2_|_y2
of__1 0w,
dy 1+ (9)20y
x? 1
- 72+ 2(_2)
Y2 w
T
$2+y2
of _ 1 ﬁ(g)
Or 1+ (¥)20z x
2 —y
- $2+y2(?>
p— _—y
$2+y2

0*f o0 o0f, 0, —y . 2xy
o2 0000 0r Bt T @t PP
an_a 3f_8 xr - yQ—xQ
gy~ 00y ") T Wy
62f B y2 — 22

oyoxr (22 +y?)?

62f 9, af 0 X —2xy

6_92 - a_y(a_y) B %(932 —|—y2) o (22 + 12)?

Similarly




2 Verify that W,, = W, for W = e* + zlny + ylnz
Solution: let W = e* + xlny + ylnx

8—W:Wx:ex+lny+y

it . !
%:Wyzg—i‘lnl’

W 0 x 1 1

0x 0y Y ax(y+nx) y+x
oPwW 0 Y 1 1
Oyox Y 8y(€ +x+ ny) y+ac
Wy = Wy

Theorem:The Mixed derivative theorem (Clairaut’s) theorem

Statement: If f(xz,y) and its partial derivatives f,, f,, fzy, fyz are defined throughout an
open region containing a point (a,b) and all are continuous at (a,b) then f,,(a,b) =
Jya(a,b)

Proof: Let f,, fy, fay, fyo are defined throughout an open region containing a point (a, b)
and all are continuous at (a, b)

Claim: f,,(a,b) = fyz(a,b)

Since f, fz, fy, f2y, fyz are defined in the interior of rectangle R in the zy plane containing
point (a, b)

Let h and k be the numbers such that the point (a4 h, b+ k) lies also in the interior of R
Consider A = F(a+ h) — F(a)...(1)

Where F(z) = f(x,b+ k) — f(x,b)...(2)

Apply the mean value theorem to F on (a,a + h), which is continuous because it is dif-
ferentiable. .. equation (1) becomes

A =hF'(c1),c1 € (a,a+ h).....(3)

From equation (2) F'(z) = f.(z,b+ k) — f.(x,b)

Equation (3) becomes A = h[f.(c1,b+ k) — fo(c1,b)].....(4)

Apply mean value theorem to function g(y) = f.(c1,y)

Sogb+ k) —g(b) = kg'(dr),dy € (b,b+ k)

fx(Cl, b+ k) — fx(Cl, b) = k:fxy(cl, dl)

equation (4) becomes A = hk fy,(c1,dy) for some point (¢q,d;) € R'.....(5)

now by using equation (2) equation (1) becomes

A= fla+hb+k)— fla+hb)— fla,b+k)+ f(a,b)

A=|fla+hb+k)— fla,b+ k)] —[f(a+ h,b) — f(a,b)]

Let A = ¢(b+ k) — ¢(b).....(6)

where ¢(y) = f(a+ h,y) — f(a,y)....(7)

Apply mean value theorem to equation (6) we get

A =k¢'(dg),dy € (b,b+k).....(8)

from equation (7)

¢'(y) = fyla+h,y) — fy(a,y)...(9)

equation (8) becomes

A= k[fy<a + h7 d2> - fy(a’7 d2>]

Apply mean value theorem to f,(x.d2) we get



fyla+h,dz) — fy(a,d2) = hfy(ca,d2), 2 € (a,a+ h)
RVANES k’hfyx(CQ, dg) ..... (10)

from equation (5) and (10)

fay(er,di) = fya(ca, da)

where ¢, d; both lies in R’

Since f,, and f,, are both continuous at point (a, b)
f:l:y(cla dl) = fa:y(aa b) + €

and ", fyx(02> d2) = fyx(a7 b) + €

Since (€1, €2) — (0,0) as (h, k) — (0,0)

coas(h, k) — (0,0)

Fuy(@,) = Fyala,b)

Higher order Partial derivative

Higher order partial derivatives are fiyzz, frzzz: fyyyye

For example:Find fy.,. if f(z,y,2) =1 - 2zy*z + 2%y

Solution: Let f(z,y,2) =1 — 2xy?z + 2%y

First we differentiate f(x,y, z) with respect to y then = then y and then z
o fy = —dayz + a?

Jyz = —4yz + 2z

fy:py = —4z

fymyz =—4

Example: Show that f(z,y,2) = 223 — 3(z? + y?)z satisfies a Laplace equation.
Solution: Let f(z,y,z) = 22% — 3(2? + y?)z

% = —6zz

O*f

Pro

g—g = —6yz

0*f

o~

of 2 2., .2
— =62 —3(z* +¢°)
g

2
L 0*f  0*f  O*f
"8x2+8y2+822

=—06z—06z+12z=0



