Differentiability

Introduction:

In case of function of one variable, we know that if y = f(x) is a function of one
variable x then we say that the function f is differentiable at x = x( if the increment or
change in f from z to xg + Ax.

Ay = f(xg+ Ax) — f(xp) is expressed as

Ay = f'(xg)Ax + e1Ax; where as Ax — 0,¢; — 0.

Here, f’(x¢) is called the differential (total) of function f. It is denoted by df.

Thus, df = differential of f = f'(zo)h.

Now we shall extend this concept for the function of two variables.

Suppose f(x,y) is a function of two variables x and y. Let (xg,%0) be a point in the
domain R? of f(x,y) and (z¢ + Az, yo + Ay) be any point in a neighbourhood of point
(20, Yo) and in the domain of f.

The increment (or change) in the function f is the difference

f(xo + Az, yo + Ay) — f(2o, yo) from point (zo,y0) to (zo + Az, yo + Ay).

This is denoted by (A)f(xo,y0) or Af.

Thus Af(zo,v0) = f(zo + Az, y0 + Ay) — f(x0,y0)



Example:
It f(r,y) = 2%
A f(wo,y0) = f(wo + Az, y0 + Ay) — f(20, v0)
= (2o + Ax)*(yo + LAy) — 28y
A f(xo,yo) = 2zoyoAx + 22 Ay + yo(Ax)? + 2z0Ax LNy + (Ax)?Ay...(3)
Now if we put A = 2xgyo, B = 13, 61 = yo Az + 17 Ay and
€9 = oAz + (Ax)? then expression (i) can be written as
Af(xo,yo) = AAx + BAYy + 1Az + e2Ay...(i7)
where A and B are independent of Ax and Ay, and

lim €1 =0, lim €9 = 0.
(Az,Ay)—(0,0) (Az,Ay)—(0,0)

Here, the function f(z,y) is said to have a differential at point (xg, o). It is denoted by
df .

Thus df = AAx + BAy.

Note that when Az and Ay are sufficiently small df gives a good approximation of
Af(ﬂ?o, yO) :



3.1: Definition (Differentiability)
A function f(x,y) is said to be differentiable at a point (xg, yo) if there exists a neighbour-
hood (zg + Az, yo + Ay) of (xg,y) in which the increment A f(xg,yo) can be expressed
in the form
Af(zo,yo) = f(zo + Az, yo + Ay) — f(x0,90) = ADx + BAy + 61 Az + e2/A\y where A
and B are independent of Ax and Ay, and
lim €1 =0, lim €9 = 0.
(Az,Ay)—(0,0) (Az,Ay)—(0,0)
Theorem 1: (Necessary conditions for differentiability :-)
Suppose f(z,y) is a real valued function defined on a neighbourhood of (zg, yo). If f(z,y)
is differentiable at (zq,yo) then
() fu(20,Y0) and f,(xo, yo) both exists
(13) f (x,y) is continuous at (o, yo).
Proof :
Assume that f(x,y) is differentiable at point (zg, yo)-
(i) .. By the definition of differentiability at (o, yo)
Af(zo,y0) = f(wo + Ax,yo + Ay) — f(20, Yo)
= AAx + BAy + e Az + eoAy...(1)
where A and B are independent of Az and Ay, and
lim €1 =0, lim €9 = 0.
(Az,Ay)—(0,0) (Az,Ay)—(0,0)
Equation (1) is true for small values of Az and Ay.
Put Ay = 0 in equation (1), we get
flzo + Ax,yo + Ay) — f(xo,y0) = ADx + 61 Ax

(A+e)dz = f(zo+ Az, yo + Ay) — f(xo, Yo)
Ate = f(roJrAm:onAy)*f(wo,yo)

: _ i [fEot+Dzyo+Ay)—f(o,y0)
Al Tl = S [T

A= T f(wot+Azyo+Ay)—f(zo,y0)

A= Aligo( Aw )

A= fu(o,Y0)-

ie. A= f.(xo,yo) exist.

Similarly by putting Az = 0 in equation (1) we get B = f, (0, ¥o)-
This proves condition (7).

(1) Taking limit as (Az, Ay) — (0,0) of Equation (1) we get

(AI,AIZI)](L(O,O)V(% + Az, yo + Ay) — f(20,40)] =0

*.» the limit of each term on R.H.S. is 0.

li A Ay)| =
(Am,AZI)IL(o,o)[f<xO+ %90 + L)) = £z, 1)

This shows that f(z,y) is continuous at (zg, yo)-




Remark 1: A function f(z,y) is differentiable at (xq,yo) iff the partial derivatives
fa(zo,y0) and fy(xo,yo) exists and
Af = f(xo+ Ax,yo + Ay) — f(x0, Yo)
= fo(T0,90) A2 + fy (20, y0) Ay + 1Az + ey Ay;
where € — 0,e5 — 0 as (Ax, Ay) — (0,0)

Remark 2: The converse of the above theorem is not true i.e. above conditions are
not sufficient.

Example 1: Show that the function f(z,y) = /|zy| has first partial derivatives at
the origin but it is not differentiable at the origin.
Solution : Given that f(x,y) = \/|zy|(x0,y0) = (0,0).
First let us find the first partial derivatives of f(z,y) at the origin.

. BT F(0+Az,0)—£(0,0)
. -fz(O;O) = A;IEO(T)

2 f2(0,0) = lim (M)

NAx—0 Lz

i (00} —
_Algcrgo(ﬁm) 0

£:00,0) = 0...(i)

Similarly, f,(0,0) = 0...(i%)

From (7) and (éi) both the first partial derivatives of f(xz,y) exists at (0,0).

Now, suppose that f is differentiable at (0,0) then by the definition of differentiability
f(Az, Ay) — £(0,0) = f.(0,0)Az + f,(0,0)Ay + 61 Az + e2Ay

S/ Ax - Ayl — /[0 =0- Az +0- Ay + e Az + eoAy... (1)
€1 — 0,60 = 0 as (Ax, Ay) — (0,0).
Since (7ii) holds for all small values of Az and Ay, put Ay = Az in (iii), we get

VI(Ax)?| = e Ax + e N

Az = Ax(e + €)
SR, T ate
Taking limit as Az — 0 of both sides.

- Alggo A_"f‘ - Alirgo e

Ll =

which is absurd. Hence f is not differentiable at (0, 0).
Moreover,

For continuity of f(z,y) at (0,0). Consider

F@y) = f0,0)] = [Vleyll = Va -y < a® +y* <e

VT < a4 y?

VISP TR

= 2?2+ y?2 < e(=9) Thus, |f(x,y) — f(0,0)] < € whenever /a2 + y2 < 0.
= f(z,y) is continuous at (0,0).



Example 2: Show that the function f(z,y) = |z|(1 +y) is not differentiable at (0, 0)
but is continuous at (0, 0).
Solution :
Given that f(z,y) = |z|(1 + y).
(z0,y0) = (0,0) .~. f(xo, %) = f(0,0)

=0
lim (f(xo-i-A%yo)—f(xo,yo)) — lim (82.9-£(00)
Az—0 L Az—0 z
_ Ly lozl0+0)-0
Ax—0 Az
— im &zl
= Ango e
Now
— lim &z — Lzy
Aamo+ B Alg%w(m) (©)
= lim 2% = lim (2%) = —1..(ii
Ax—0~ Az Azﬁ0*< Az ) ( )
" Alirgo % does not exist. (*." by(¢) and (i7))
ie. lim w does not exist, which means that f,(0,0) does not exist.
Az—0 z

Since existence of f,(0,0) and f,(0,0) is a necessary condition for differentiability, there-
fore f is not differentiable at (0, 0).

To show that f(z,y) is continuous at (0,0) we will use € — ¢ definition.

Let € > 0. Consider

[f (@, y) = f(0,0)] = [f(z,y) = 0] = |lz(1 + y)| = |z|[1 +y| < 2z|, if [y| <1

S S y) = £(0,0)] < 20z <€

L f(y) = £(0,0)] < if 2] < % =0

take 6 = min{5,1} then |f(z,y) — f(0,0)| < e when |z| < 4, |y| < ¢

Alirilof(x, y) =0= f(0,0) = f(x,y) is continuous at (0, 0)

" A1imof(x, y) =0= f(0,0) = f(x,y) is continuous at (0,0).
z—

Example 3: Let
f(xay) 22_9,&_7227 if f(l' y) # (07 O)
20 f(2) = (0,0)
Show that f(x,y) is not differentiable at (0,0) even though f,(0,0) and f,(0,0) exists
Solution:
First let us show that f,(0,0)&f,(0,0) exist

— 1 f(A:E,O)—f(0,0)
fm(O, O) = hmo N

f2(0,0) = lim 52 =0
Similarly f,(0,0) =0 i.e. both f,(0,0)&f,(0,0) exist.
Now, we will find the limit of f(z,y) along a path y = max, m # 0.

. lim x lim T, mx
(:13 y)—(0,0) f< y) (z,mz)—(0,0) f( )



= 1rm?
which depends upon the path. i.e. ( 1)1H% 0 f(x,y) does not exist. Hence, f is not con-
z,y)—(0
tinuous at (0,0).
Therefore f is not differentiable at (0, 0).

Example 4: L
fla,y) =22y, (z,y) # (0,0)
- 07 (:'C7 y) - <O’ O)
Show that f(x,y) is differentiable at (0, 0).

Solution :

— 3 f(Am,O)ff(0,0)
f:(0,0) = Al}vmoT

f2(0,0) :Alim 0 =0
Similarly f,(0,0) =0 i.e. both f,(0,0)&f,(0,0) exist.
Now Af = f(xo + Az, y0 + Ay) — f(x0, Yo)

S f(Ax, Ay) — £(0,0) =0 Az + 0.Ay + e Ax + e2A\y; where

€ = &i?fw, if (Ax, Ay) #(0,0)
=0 if (Az, Ay) = (0,0)

& = ASHRU i (Ax, Ay) # (0,0)
=0 if (Az, Ay) = (0,0)
Here as (Az, Ay) — (0,0),¢; — 0,e2 — 0.
©(Az,Ay) — f(0,0) = f.(0,0)Az + f,(0,0)Ay + e1Az + e26Ay;64 — 0,62 — 0 as
(Az, Ay) — (0,0)

Hence by the definition, f(z,y) is differentiable at (0, 0).



Theorem 3: (Sufficient Conditions for Differentiability) :
If f(x,y) is a function of two variables x and y such that
(i) fz(a,b) and f,(a,b) exist
(i7) One of the first partial derivatives f,, f, is continuous at (a, b).
Then f(x,y) is differentiable at (a,b).

Proof :

Suppose f, is continuous at (a,b) = f, exist in the neighbourhood of (a,b), (say square
d neighbourhood of (a, b))

i.e.30 > 0 so that the point (a + h,b + k) lies in the J-neighbourhood of (a,b) where
|h| <6, k| <.

Now Af = f(a+h),b+ k) — f(a,b)

= fla+h,b+k)— fla+ h,b) + f(a+ h,b) — f(a,b)...x

Define the function ¢(y) as g(y) = f(a + h,y)

Here g is derivable in (b,b+ k) and we have ¢'(y) = f,(a + h,y).

Also g is continuous in [b, b + k.

Hence by LMVT (IInd form)

gb+k)—gb) =kg'(b+k0);0 <0 < 1.

ie. fla+h,b+k)— fla+h,b)=kf,(a+h,b+kf)..(1)

Since f, is continuous at ( ,b)
lim f,(a+h,b+kb) = f,(a,b)

(h,k)—(0,0)

0 kl)lir%O ) fyla+h,b+kO) — f,(a,b) =

If we put fy(a+ h,b+k0) — f,(a,b) =(h, k)
lim ¢(h,k) =0.

(h,k)—(0,0)

With this equation (1) becomes,
f(CL + h>b+ k) - f(a+ h7 b) = k(fy(aab) +w(h7 k))
fla+h,b+k)— fla+h,b) =kf,(a,b)+ ki(h,k)...(2)

Now, we have, f,(a,b) = lim flathb)—f(a.b)

-0 h
o lim [HERGIED — f (a, M =0
Put ¢(h) = L@@ g (4 b) then lim ¢(h) = 0 i.e. 9(h) = 0 as (h,k) = (0,0).

oo fla+ hyb) — f(a,b) = hf.(a,b) + hng(h k) (3)
Putting (2),(3) and (1) in * we get

Af = fla+hb+k)— fla,b) = hfala,b) + kfy(a,b) + ho(h, k) + kip(h, k); where
o(h,k) — 0 and ¢(h, k) — 0 as (h, k) — (0,0).
Hence, by the definition of differentiability, f(z,y) is differentiable at (a,b).



Differentials : Let z = f(z,y) be a differentiable function of two variables x and y.
The differential or total differential of z; denoted by dz; is defined as
dz = Gdu + Fdy
where dz and dy (are called the differentials of x and y) are two new independent vari-
ables.
Suppose z = f(z,y) is differentiable at (zg,yo). Then
Az = f(zo+ Ax,yo + Ay) — f(x0, Yo)
Nz = g—;Aa: + g—;Ay + 6 Ax + e Ay;
€1,62 — 0 as (Az, Ay) — (0,0).
For small values of Ax&Ay
Az =dz + e Ax + ea/\y; where
Az, Ay are increments in x and y respectively.
Hence, the increment Az is approximately equal to the differential dz.
i.e. we can compute the approximate value of the given function by using differential.
Formula is
f(xo + Dz yo + Dy) = f(xo,y0) + df; where
df = %L (w0, y0) Dw + (w0, y0) Dy

Working Rule : Given any function f(x,y)

(i) Decide xg, yo and Az, Ay.

(1) Find f(zo, yo).

(iii)(%)(xo, Yo), (3—5)@0, Yo) obtain these values. (iv) Use the formula.



Example 1: Using differentials find the approximate value of (2.01)(3.02)%.
Solution :
Let f(xa y) = IL’y2
f(zo + Az, yo + Ay) = (2.01)(3.02)?
Here, g = 2,99 = 3 and Az = 0.01, Ay = 0.02.
Flwoyn) = £(2,3) = 2(3)” = 18
.fa:(x07y0> = (ﬁ)(%,yo) Y
u(2,3) =3 =9
fy(mo,yo) ( y) o, Yo) = 2Z0Yo
o fy(2,3) = 2(2)(3)12.
codf = fo(wo, yo) Az + fy(wo, yo) Ay
codf = yiAx 4 2xoye ANy
= 9(0.01) + 12(0.02)
df = 0.33.
Hence
f(xo + Ax,yo + Ay) = f(xo,y0) + df
. (2.01)(3.02)% ~ 18 + 0.33
= 18.33.

wQJ

QJ

Example 2: Find approximate value of by using differentials.

25 01
Solution :

Let f(z,y) = \/g
Here, 2o = 4,y9 = 25 and Az = 0.1, A = 0.01
<. fwo,y0) = f(4.25) = \/225 ~2
fa (0, 90) = xlo
cofe(4.25) = =L
fy(l'o,yo) 71 =

o fy(425) =S ok = 5
sodf = fu(wo, yo) Az + fy(0, o) Ay
' 20<0'1) 125(0 1)
= 0.005 — 0.00008
codf = 0.00492.
Hence,

f(LE(] + Az yo + Ay) ~ f(xo, yo) + df
S/ 5ee A 2 +0.00492
= 0.4 4+ 0.00492 = 0.40492.

;
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Composite Function:Chain Rule
For a function of one variable y = f(z) and = ¢(t) then y = f(¢(t)) is called composite
function of ¢
its derivative w.r.t. t is given by Z—? =
which is known as chain rule.
For a function of two variables also we have composite function and chain rule.
1. Suppose u = f(x,y) is a function of two independent variables z,y and z,y are them-
selves function of single variable ¢
that is © = ¢(t) and y = ¥(t) then u = f(o(t), ¢ (t)) = F(t)
is called a composite function of a single variable ¢
For eg. 1.u= f(z,y) =z +y and = = at,y = bt*
then u = f(at, bt?) = at + bt? is a composite function of a single variable ¢
2. u = sin(x + y?) and = = cost, y = t*
then u = sin(cost + t*) is a composite function of ¢
3. Suppose W = f(u,v) is a function of two variables u,v and u, v are functions of two
variables x,y
that is u = ¢(z,y) and v = Y(z,y)
W = flop(z,y),¥(z,y)] = F(z,y) is called a composite function of two variables z,y
for eg. W = f(u,v) and u =z +y,v = x — y then
W = f(x 4+ y,x — y) is a composite function of two variables x and y.
4. Suppose Z = f(z) is a function in one variable x and =z itself a function of two vari-
ables u and v i.e. x = ¢(u,v)
then Z = f(¢(u,v)) is a composite function of two variables u and v.
for eg. Z = f(u) : w = ax + by then Z = f(ax + by) is a composite function of x and y.

dy dz
dx " dt

10



Theorem : Chain Rule (I):-
If w = f(x,y) is a differentiable function of z and y, x = ¢(t) and y = ¥ (¢) are themselves
a functions of single variable ¢ then composite function u = f[¢(t), ¢(t)] is a differentiable

function of a single variable ¢ and its total derivative is given by
du  Oudxr Oudy

at ordt Toyar

Proof: Given: u = f(x,y) and z = ¢(t) and y = ¢(¢).
Let Az = ¢(t + At) — ¢(t) and Ay = (t + At) — (t) be the increments in = and y
respectively corresponds to an increment At in ¢
Since u = f(x,y) is differentiable, then by increment theorem
Au = a—Aaz‘ + a—Ay + e Az + eaA\y.....(1)
ox Jy
where € — 0,65 — 0 as (Ax, Ay) — (0,0)

ou ou
Ay = (% + 1) Az + (8_y +e) Ay
Au ou Ax ou Ay
E—(£+61)E+(a_y+€2)&t ..... (2)
As x = ¢(t),y = (t) are differentiable functions in ¢

*. they are continuous at ¢ and hence Az, Ay — 0 as A — 0

s —>0,60—>0as A —0
Ar  dx Ay dy

Also htrllo NI = o and Alt—>0 N, d_t

Taking limit as At — 0 of equation (2)

im 2% = dim (24 ) m 2%+ dim (24 e) lim Y
Ao At ais0°9z Y Atso A T Atso dy ) A0 At

du  Oudxr Oudy

“d T owdr Togat

11



Theorem: Chain Rule(II):-
If w = f(u,v) is a differentiable function of two variables v and v ;u = ¢(z,y) and

v = ¢(x,y) are differentiable functions of z and y then the composite function W =
flo(x,y), ¥ (x,y)] = F(x,y) is also differentiable and

ow  Owdu  Owdv
Or  Oudr  dvow
Ow  Owdu  Jwdv
8y " ou ay "o ov ay

Proof:Since u, v, w are differentiable functions, by Chain rule(I)

ou u

Au— %A.Z'—i-&—yﬂy—l—elﬂ.ﬁ—f—GQAy ..... (1)
ov ov

Av 8£Aa: + 3y — Ay + 3Dz + ¢4 Ay.....(2)

Aw = a—wAu + 8—wAU + esAu+ egAv.....(3)
ox oy

Where €, €9, €3,€4 — 0 as (Az, Ay) — (0,0)
and €5, €6 — 0 as (Au, Av) — (0,0)

Now by (3) Aw = (8_w + e5)Au + (8_111 + €6) Av

ou v
Aw = (g—zj—k 5)(guﬁx+gZAy+elAm+egAy) (gw"‘eﬁ)(gv Am+g Ay+esNz+esNy)
Aw = g‘l‘: gZA %%Ay + g—jelm n Z—w@Ay + ?meg, + g—Ayes + eres Az +
eaes Ny + g—wng g—?j?&y gu esAx + 86—1)64Ay + %AI‘G(} + g—yAyeﬁ + eze6 AT +
ercsNy
Aw = (gzj gz + ?;:j gZ)Aw + (Z—Z)g—z + aa—z:jg—Z)Ay + oA+ asAy.....(4)

where a1, as are sum of terms containing the factors €y, €, ..., €
soap — 0,0 = 0 as (Ax, Ay) — (0,0).
From (4) w = F(x,y) is differentiable at (x,y)

Now put Ay = 0 and divide by Aux;
Aw  Owdu  dwdv

Equation (4) becomes — =

Az Oudx * v Oz o
Taking limit as Az — 0 we get
ow  Owdu  Odwdv

_l’_
dr  Oudr  Ov oz
Similarly put Az = 0 and divide by Ay to equation (4); taking limit as Ay — 0 we get

Aw  Owou Owov

Ny oudy vy

12



Theorem: Chain rule for the functions of three variables
If W = f(zx,y, 2) is a differentiable function of three variables x,y, z and z,y, z are dif-
ferentiable functions of single variable ¢ then the composite function w = f(¢) is also

differentiable function of ¢ and its derivative is
dw w dx w dy w dz

qU Ordi oydt  0-di
Theorem: Chain rule for the functions of many variables
If W = f(xy, 29, ...x,) is a differentiable function of finite set of variables x1, xs, ...z, and

each xq,xs,...x, is a differentiable function of finite set of variables pi, pa,...p.. Then
w = f[p1,pe,...pr] is differentiable function of finite set of variables pi,ps,...p, and we

have

8_w 0w Oxy N ow Jry  Ow Oxs - ow Oz,
Ip B 01 Opy 09 Opy 03 Op T Oy, opr
a_w _ OwOry | OQw dry | Ow dzxs 8_w oz,
Ops  O0x10ps  Oxe0ps  Ox30ps Oz Ops
and so on

@_w ~ OwOdxy | Ow dry | Ow Jzxs a_w o,
8pr B 81‘1 8pr 8ZE2 apr (91‘3 8pr axn apr

13



Examples:

1. If w = f(ax + by) then show that b@_w — a@_w =0
ox dy

Solution: We have given that w = f(az + by) and put u = ax + by then w = f(u).

Then by chain rule
ow  dw Ou dw

Or _ dudx  du

ow' dw du’_ du
dy du'dy  du
ow _ dw

2. If 2 = f(y+ ax) 4+ g(y — ax) prove that z,, = a®z,,, assuming that second order
partial derivatives of f, g exist and a is constant.

Solution: Put v =y + ax,v = y — ax hence z = f(u) + g(v)

Where u = ¢(y,x) =y + ax,v = P(y,x) =y — ax

.. by chain rule

0z 0z0u  0z0v

= ['(u)a+g'(v)(=a)

e ox

. Oudz | Ovdx

2= al P )~ g w) (D)
Again differentiating w.r.t. x

0? a. ., , ou 0. , ov
e = 5y = ol () = ()] 5 + £ fof () — (). 5
Zew = @2 f7 (u) + a®g” (v).....(2)
0: _0:0u 9200
dy Oudy Ovdy
Differentiating again w.r.t. y

aZ
Py = 02 = f7(u) + 97 (v)....(4)
from (2) and (4)

2

Zpe = A" Zyy

Now z, =

3.If u = zy*log(¥) then find du.

Solution: We know that du = %dm + g—;dy ..... (1)

Now G¢ = y*log(¥) + 2?72 (3)y = y* log(¥) — y*....(2)
g—Z = 2zylog(¥) + nyﬁ(%) = 2zylog(¥) + zy....(3)
from (2) and (3)

du = [y*log(£) — y?dx + [2zylog(¥£) + zy|dy

14



Yy—x 22— ou ,0u

,0u

if u=u( W w ), Show that x 8x+y 8y+z P 0
Solution: Let u = u(*;*F, <=*)
Putr=¢2=1_1
Ty T y
and s = =% = % — l
.u=u(r,s)is a comp081te function of x and y
*. by chain rule — Ou %& + Gu 0s (1)
Y dr  Ordx. dsdx
i or 1 dr 1 0r _
e B T 22’ 0y Y2’ 0z
0s 1 Os Os 1
And —=——,—=0,— = —
" oz 22’ Oy 0 0z 22
Equation (1) becomes
ou ou Ou
2_ —_
T o Bs (2)
o oud ous
dy  Ordy 0s0y
du  Ju
2
(3
Vo, T or (3)
Al Ou @& Ou 0s
Soaaz 687“ 82 8s 0z
2_“ _Ju
z =55 (4)
Addlng (2),(3),(4) we get
20 0 R0,
ox Y Jy 32 N
, D*u  O*u 1,
5. If u= f(r) and x = rcosf,y = rsinf then prove that 92 —l— — = f7(r) + =f'(r).
T

T

Solution: Given that u = f(r) and « = rcosf,y = rsinf then r —2 +y? and oL = Z
No ou df or and 2% ou df or
Y or  dr 83: 83/ dr 8y
Ou df ©
“Ox  drr
0%u (d2f8r)x+d_(r—x%)
8%'2 de ox’r  dr 7“28
0%u dfr x df r—axg:
Oz2 (dT2 ol +dr( r2 =)
82 B (dexQTQﬁrz _x2
ox2  “dr? + dr 13
Pu (de 2202 df 4> (1)
ox2  “dr?2 + drp3””
Similarl Ou _ (d2f yQTQﬁx—Q
Y 902~ Va2 + drr3
Adding (1) and (2) we get
0?u N Pu (dexZ +yPr?df o® +y°
ox2 Oy dr? + dr 13
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9%u

0x? +

Pu  df 1+ﬁr_2
o2 dr?’ drr3

oy?  dr? + drr

Pu 0w df df1
0x?
Pu  Pu

da?

) ]'/
+8_y2_f (7“)+;f(7”)
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Directional derivatives:
If f(z,y) is differentiable function and = = ¢(t),y = 1(t) then % = %fl—f + g—z‘é—i’ gives
the rate of change of f with respect to t. This depends on the direction of motion along
the curve. If curve is a straight line and parameter ¢ is the arc length measured from
df

point po(zo, yo) in the direction of a given unit vector u then % is the rate of change of

f with respect to distance in the direction of u. These values of % through py are called
directional derivatives.

Definition: Directional derivatives in the planes

Suppose the function f(z,y) is defined on a region R in the zy plane. po(xg,yo) is a point
in R and u = u17 + ugj is a unit vector. & = x¢ + su,y = Yo + Sug are the parametric
equations of a line passing through pg parallel to u; where s is the arc length measured
from point py in the direction of .

The derivative of f at point po(zo,yo) in the direction of u is

(Z_f)u,po = lil%(f(xo t st Yo + sua) — f(o, yo)) if R.H.S. exist is called the directional
S 55— S

derivative of f at point py. It is denoted by (Dyf)p,-

Note: If 4 = ¢ then (D,f),, gives % at po, and If u = w then (D,f),, gives ?)_5 at
Do

17



Examples:
1. Find the directional derivative of f(z,y) = x? 4+ xy at point (1,2) in th direction of a
unit vector @ = =i + ——
V2 V2j B B

Solution: Let f(z,y) = 22 + xy, po = (1,2) and @ = uyi + uyj = \/LE + \/Li '

. df o f(@o 4 sug, yo + suz) — f(xo, yo)
Since (5o = Im(— - )
s—0 S
T+ 3)2+(1+3)2+%)) - (12+1.2 S 4 52
:m%[“ B0t HEtH) - @412 gt
S— S S— S

=lim (i +5) = El
) s—0 \/— \/5
. (d_é)ﬂ,po = (Duf>po = \%

2. Find the directional derivative of f(,y,z) = 2% + 2y? + 322 at the point (1,1,0)
in the direction of @ =17 — j + 2k

Solution: Let f(,y,2) = 22 +2y? + 322, po = (1,1,0) and @ = i — j + 2k Since % is not
a unit vector so u = \/Lg(f —j +2k)

(\V]

df o Sf(@o 4 sug, yo + sug, 20 + sus) — f(2o, Yo, 20)
(LYo = linn| 2 : |
50 2 5 2 25 \2
_ 1im[((1 + )21 - %) +3(3%)°) - 3]
s—0 ) S
—2s 15s
=2 4
— lim[M]
s—0
| (—2 N 153) -2
=lim(—=+—=) = —
5206 V60 V6
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The Gradient Vector Definition: The gradient vector of f(x,y) at a point py(zg, yo)
1 af_ af—
is the vector Vf = —i + =
ox dy

Note: We can find the directional derivative of f in the direction of u at point py using
the dot product of u with gradient of f at py :

. . df s UaF dw of dy
Since by chain rule we can write (£)uﬁp0 = (a—x)po.g + (a—y)po.E
af of of
(%)u,po = (%)po-ul + (a_y)po-UQ
df of, -, of

(E)U,po = ((&C Jpot + (a—y)po.j).(uﬁ + uyj)
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Examples:
1. Find the directional derivative of f(x,y) = xe¥ + cos(xy) at the point (2,0) in the
direction of 37 — 4j.
Solution: Let f(z,y) = ze¥ 4+ cos(zy) , po = (2,0) and u = 37 — 4j Since u is not a unit

vector so
U= 32 — —]

Now fx = e¥ — sin(xy).y and f, = zve¥ — sin(zy).x
o f2(2,0) =1, £,(2,0) =2
The gradient of f at (2,0) = (Vv )20) = f2(2,0)i + f,(2,0)] =i+ 25

The directional derivative of f at (2,0) in the direction of 3i — 47 is

(D i = (Dl = ()it = (-4 20) (3 — 47) = -1

2. Find the derivative of f(z,y) = 2zy — 2y* at the point (5,5) in the direction of
4i + 3j.

Solution: Let f(x y) = 22y — 2y%, po = (5,5) and @ = 4i + 37 Since u is not a unit
vector so U = —z + 5]

Now f, = 2y, £2(5,3) = 10, f, = 22— 6y, f,(5,5) = =20

. the gradient of f at (5,5) = (V)55 = 100 — 205

(
' (jll]ac:)upo = (Duf)py = (Vf)py-tt = <10’L — 20])(52 + 5]) = —4.

3. Find the derivative of f(z,y,z) = x? + 2y? — 32 at the point (1,1,1) in the di-
rection of i 4+ j + k.

Solution: Let f(z,y,2) = 2* +2y* — 32* py = (1,1,1) and @ =i+j+k

Since u is not a unit vector so 4 = \[<Z +7+k)

Now f, =2z, f,(1,1,1) =2, f, =4y, f,(1,1,1) =4, f, = —62, f,(1,1,1) = —6

The gradient of f at (1,1,1) = (Vf)q,1,1) = 2i + 4] — 6k

The derivative of f at point pq is

(gfs)um = (Duf)po = (vf)poﬂ = (% +4j — 6]{)%(2 J+ k) 0

20



Properties of directional derivatives:
The directional derivative definition revels that
Dyf = Vfu=|Vf||lulcosd = |V f|cosd As u is unit vector.
It has following properties: 1.The function f increase most rapidly when cosf = 1 or
when « is in the direction of V f.
that is D, f = |V f|cos(0) = |V f].
2.The function f decreases most rapidly when cos# = —1 or when « is in the direction of
—Vf.
that is D, f = |V f|cos(m) = —|V f].
3.Any direction u orthogonal to the gradient is a direction of zero change in f when 6 = 7
that is D, f = |V flcos(}) = |V f].0 = 0.

Examples:
1. Find the direction in which f(x,y) = %2 + %
a)increase most rapidly at point (1,1)
b)decrease most rapidly at point (1,1)
c)What are the directions of zero change in f at (1,1)7
Solution: We have f(z,y) = & + y2
(7 Piny = Lol i+ (1,107 =1+
Its direction is [(V f)@,1| = fz + fj =qu
b) f decreases most rapidly in the direction of —(V f)q.1)

—U=—t =l
c¢) The directions of zero change at (1,1) are the directions orthogonal to V f

Son = —\%E—i— \%j and —n = \%z’—%j

2. a) Find the derivative of f(z,y,z) = 2° — zy* — z at point (1,1,0) in the direc-
tion of 2i — 35 + 6k

b) In what direction f change most rapidly at point (1,1,0) and what are the rate of
change in these directions?

Solution: a) Suppose @ = 2i — 3j + 6k and @ = 2i — 25 + Sk

fm(17170)227fy(1’170) :_2’f2(17170): -1

(Vf)ane =2i—2j -k

Hence the derivative of f at given point is

(Duf)ano) = (VHarnt = (20 —2j — k).(3i — 2j + Zk) = L

b)The function f increase most rapidly in the direction of Vv f = 2i—2j — k and decreases
most rapidly in the direction of —V f. The rate of change in the directions are |V f| = 3
and —|Vf| = —
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