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Chapter 1: Divisibility
Divisibility

Definition: An integer b is divisible by an integer a, not zero, if there is an integer x such that b = ax.
Notation: alb

Theorem:

1. If a|b then albc for any integer c.
Proof: Suppose a|b so by definition there exists  such that b = ax
multiply by ¢ on both side we get bc = axc say xc =y = bc = ay = albe.

2. If a|b and b|c then alc.
Proof: Suppose alb = b = az and blc = ¢ = by
Consider ¢ = by = ¢ = azy = az, where z = zy so alc.

3. If a|b and a|c then albz + cy for any integers = and y.
Proof: Suppose alb = b= am and a|c = ¢ = an
Multiply first equation by x and second by y we have
bxr = amzx and cy = any after adding we get

br + cy = amx + any = bz + cy = a(mx + ny).

say mx +ny = z = bx + cy = az = a|bx + cy.

4. If a|b and b|a then a = +b.

Proof: Suppose a|b = b = az and bla = a = by
Considerb=ar=b=byr = 1l=yr=y=ax=1lory=z=—1
Therefore a = +b

5. If alb,a > 0,b > 0, then a < b.
Proof: Suppose alb = b=ax forz € Z
since a > 0,b>0s0oz >0, Asb=ax so b<a.

6. If m # 0, a|b then ma|mb.
Proof: Suppose a|b = b = axz now multiply by m on both side
we get mb = max = ma|mb.

Division algorithm: Given any integers a and b, with a > 0, there exist unique integers
q and r such that b = aq + r where 0 < r < a.
If @ is not divisible by b, then r satisfies a stronger inequalities 0 < r < a.



Common divisor: The integer a is called a common divisor of b and c¢ if a|b and alc.

Note: Since there is only finite number of divisors of any nonzero integers, so there is only finite
number of common divisors of b and ¢, except in the case b = ¢ = 0.

Greatest Common divisor: the greatest among all common divisors of b and c is called
greatest common divisor of b and c.

Notation: (b, c).

Note: The greatest common divisor (b, ¢) is defined for every pair of integers b, ¢

excpet b=c=0so (b,c) > 1.

Theorem: If g is greatest common divisor of b and ¢, then there exist integers
2o and yo such that g = (b, ¢) = bz + cyo.

Proof: Consider the linear combinations bx + cy, where x,y € Z

That is A = {bx + cy|z,y € Z} so this set contains positive, negative values and also 0.
Choose g, g so that bxg + cyg is the least positive integer say | = bxg + cyg

To prove [ =g

Suppose | does not divides b so there exist integers g and r such that b =g+ r
with 0 < r <1 so we have r =b—lg =b — q(bxo + cyo) = b(1 — qxg) + c(—qyo) sor € A
but r < I which is contradiction to the choice of [ so [ divides b.

Similarly we can prove that [ divides ¢ so [ is common multiple of b and c.

Since g is greatest common divisor of b and ¢ so b = gx and ¢ = gy

As | = bz + cyo = gz + cyyo = g(xxo + YYo) = gz, where z = TTotyy,-

So g|l = g <1 but since g is greatest common divisor and [ is common divisor

so g <l is not posiible therefore g =1 = bz + cyp.

Note:

I. We can generlize the theorem as for given integers by, bs, ...b,, not all zero, with greatest
common divisor g , there exist z1, xs, ...z, such that

g = (bl,bg, bn) = ij.’bj
j=1

II. The greatest common divisor g of b and ¢ can be characterized in the following two ways:
1. Tt is the least positive value of bz 4 cy, where z,y € Z.
2. It is the positive common divisor of b and ¢ that is divisible by every common divisor.

Theorem: For any positive integer m, (ma, mb) = m(a,b).
Proof: Since (ma, mb) = least positive value of max + mby
= m. least positive value of ax + by =m/(a, b)

Theorem: If d|a and d|band d > 0, then (g, g) = 1(a,b)
a b
If (a,b) = g, then (—,—) =1
(a,b) G5

Proof: Since (ma, mb) = m(a,b) so here m =d,a =a/d,b=">b/d

a b a b a b 1
SO we haVle) (a7b:f = (d&,dg) ; d(aia) = (E, E) = E(a,b)
a a
Since (—,—) = —(a,b) = (-, -)=—-g=1
(g g) g( ) (g g) P
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Theorem: If (a,m) = (b,m) = 1, then (ab,m) = 1.
Proof: Suppose (a,m) = (b,m) = 1 so there exists xq, yo, 21, y1 such that
axg+myg =1 and bxy + my; =1
So we have axg + byg = bx1 + my; and axg =1 — myp and bry =1 — my,
So that azebz; = (1 —myo)(1 — my1) = 1 — my1 — myo + m2yoys = 1 — mys,
where y2 = yo + y1 — myoy1
abroxy +mys =1
If glab and g|m so glabzox; + mys = g|1
so any common divisor of ab and m divides 1 and 1|g
therefore g = 1 that is (ab,m) = 1.

Relatively Prime:

Definition: An integers a and b are said to be relatively prime if (a,b) = 1.
An integers ay, as, ..., a, are said to be relatively prime if (aq, as,...,a,) = 1.
An integers a1, ag, ..., a, are said to be relatively prime in pairs if (a;,a;) =1
foralli=1,2,...,nand j=1,2,...,n with i # j.

Theorem: For any integer x, (a,b) = (b,a) = (a,—b) = (a,b+ ax).

Proof: Let (a,b) = g so gla and g|b such that g is greatest common divisor of
a and b So we can say that (b,a) =g

And as g|b so g| — b so g is common divisor of a and —b.

If suppose h is another common divisor of a and —b so h|b

that is A is common divisor of a and b also.

but (a,b) = g so that hlg so any common divisor of a and —b divides g

so g is greatest common divisor of a and —b therefore (a, —b) = g = (a, b).
Now suppose (a,b) =g and (a,b+ azx) =d

So there exists xy and gy such that

g = axo +byo = g = axo — axyo + byo + aryo = g = a(xo — wyo) + (b + ax)yo.
Since (a,b+ ax) = d so d is the least positive value of linear combination of

a and b+ ax so d|g

Since (a,b) = g = gla and g|b so g|b+ az

so g is a common divisor of a and b+ ax therefore g|d

hence g = d.

Theorem: If ¢|ab and (b, ¢) = 1, then c|a.
Proof: Since (ab,ac) = a(b,c) = a as (b,c) =1
Since clab and c|ac so ¢ is common divisor of ab and ac so c|(ab, ac) = c|a.

The Euclidean algorithm:
For integers b and c if we apply division algorithm repetedly
we get series of equations

b=cqg1+7r, 0<r<c,
c=cqa + 712, 0<re <oy,
r1="72q3 + 13, 0<7r3 <71

Tj—2 =T;j-1q; + Tj, O<’/‘j<’l“j_17
Tj—1 = Tjq5+1
The greatest common divisor (b, ¢) of b and ¢ is r;, the last nonzero remainder
in the division process. Values of zg and yo in (b, ¢) = bz + cyo
can be obtained by writing each r; as a linear combination of b and c.
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Proof: We can obtained the chain of equations by dividing ¢ into b, r1 into c,
T9 into 71,...,r; into 7;_1. This process stops when the remainder is zero.
To prove r; is the greatest common divisor g of b and c.
Since (b,¢) = (b —cq1,¢) = (r1,¢) = (r1, ¢ —1r1q2) = (r1,72) = (r1 — ra2gs,r2) = (r3,72).
Continuing in this way (b,¢) = (rj_1,7;) = (r;,0) =1
If we continue by substiting value r; then r;_; and so on
we get r; as a linear combination of b and c.

Least Common Multiple:

The nonzero integers a1, asg, ..., a, have a common multiple b if a;|b for i = 1,2, ..., n.
The least among all positive common multiples is called least common multiple.
Notation: [a1,as, ..., ay].

Theorem: If m is any common multiple of ay, ag, ..., an, then [a1, as, ..., an]|m

Proof: Let ay,as,...,a, be integers and h = [a1, ag, ..., ap].

Suppose m is common multiple of ay,as, ..., ay.

Apply division algorithm to m and h, there exists ¢ and r such that m =qgh+1r , 0 <r < h.
To prove: r =10

Suppose r # 0, Since a;|h and a;|m for all i = 1,2,...,n

so a;|qgh = a;|m — gh = a;|r.

So r is positive common multiple of a; and r < h,

which is contradiction to the fact that h is least common multiple of a;

so r = 0, therefore [a1, ag, ..., ay]|m.

Theorem: If m > 0, [ma, mb] = mla,b]. Also [a,b](a,b) = |ab|.

Proof: Let H = [ma, mb] and h = [a,b]. So a|h and blh = ma|mh and mblmh

so mh is a common multiple of ma and mb but H is least common multiple of ma and mb
so H|mh. Now as ma|H and mb|H So a|H/m and b|H/m

So H/m is common multiple of a and b but h is least common multiple of ¢ and b

so h|H/m = mh|H. Therefore H = mh.

Now to prove: [a,b](a,b) = |ab|. It is sufficient to prove that [a,b] = [a, —b] and (a,b) = (a, —b).
Case-I: (a,b) =1, Since [a, b] is a multiple of a say ma. Then blma and (a,b) =1

so blm = ba|ma. Since a|ba and b|ba So ba is common multiple of a and b

but ma is least common muliple of ¢ and b so malba = ba = ma = [a, b].

Case-1T: (a,b) = g > 1 so we have (2,%) =1

9’9
b b b
If we apply the above result we have [ﬂ’ f](g, -) = a2
99 949 g9

Multiply by g2 on both side we get [a, b](a,b) = ab.
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Primes:
Definition: An integer p > 1 is called a prime number, if there is no divisor d of p satisfying 1 < d < p.
If an integer @ > 1 is not a prime, it is called composite number.

Theorem: Every integer n > 1 can be expressed as a product of primes.
Proof: Let n be an integer.

If n is prime then n itself a product of prime.

If not, then n = niny, where 1 < ni,no <n

If ny and ny both are primes then done.

If ny is not a prime then ny = ngnyg, where 1 < ng,ny < ng

If ng, n4 both are primes then n = ngnyns which is product of primes.
Continuing in this way we have n = pyps...pr and

since primes are not necessarily distinct so we have n = p{"* p§2...pgk
This representation of n as a product of primes is called

the canonical factoring of n into prime powers.

Theorem: If p|ab then p|a or p|b.

Generally, if plajas...a,, then p divides at least one factor a; of the product.

Proof: Let plab and p does not divides a then (p,a) =1

since we have albc and (a,b) = 1 then a|c so here p|b.

In general if plajas...a, that is p|lajc where ¢ = as...a,

then pla; or ple. If p|c then continue the same procedure so we have p|a; for some i.

Fundamental Theorem of Arithmetic / Unige Factorization Theorem:

The factoring of any integer n > 1 into primes is unique apart from the order of primes.
Proof: Since every integer can be written as product of primes.

To show: This factorization is unique.

Suppose we have two factorization of n say

n = pips2..pr and n = q1q2...qs

So we have p1ps...pr = q1q2...qs Since pi|pip2...pr = P1lq1q2---qs

and p; is prime,so p1|g; for some j =1,2,...s say p1|q1 as both are primes p; = ¢;
Similarly pa|ga = p2 = ¢ continuing in this way we have

p; =gq;foralli=1,2,..rand j =1,2,...,5

Theorem: The number of primes are infinite.

Proof: Suppose number of primes are finite say pi1, p2, ---, pr

Consider n = 1 4 pyps....pr, since n is not divisible by any of above primes.
Hence any prime divisor p of n is a rime distinct from p1, po, ..., Dy

Since n is either a prime or has a prime factor p

so there is a prime distinct from pq, po, ..., Py

Therefore number of primes is not exactly r that is primes are infinite.
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