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Preface

This laboratory manual on Analytical Geometry is designed to complement the
theoretical understanding of the subject with hands-on computational and graph-
ical activities. It is intended for undergraduate students pursuing mathematics,
engineering, or related disciplines, and aims to strengthen their geometric intu-
ition, analytical skills, and problem-solving techniques through practical exercises.

Analytical Geometry serves as a foundational pillar in mathematics, linking
algebra and geometry through the use of coordinate systems and equations. It
plays a vital role in various applications across science, engineering, computer
graphics, architecture, and physics. This manual covers core topics such as lines,
planes, conic sections, and three-dimensional geometry, with a balanced blend of
conceptual explanation and practical experimentation.

Each expe\kment in the manual includes a clear objective, theoretical back-
ground, step-by-step procedure, and a set of observation and conclusion sections.
Where %able, software tools like GeoGebra, MATLAB, Python, or other
gra icab utilities may be incorporated to enhance the learning experience and
pr e visual understanding. Students are encouraged to use this as a tool for

th guided instruction and self-directed learning.

/\;b) I hope this manual serves as a valuable resource for both students and instruc-

tors and contribute meaningfully to the teaching and learning of Analytical Geom-
etry. Taking these sample questions instructors can‘design the different examples.
Constructive feedback and suggestions for im ent are always welcome.
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1 Analytical Geometry of Two Dimensions

A] Equations of standard conics:

1. Circle:-

(a) Standard circle:- 2% + y? + r?
centre = (0,0), radius = r

(b) General circle:- (z —h)?+ (y — k)? =12
centre = (h, k), radius = r

(¢) Tt can be generalized as,

24 y? + 292 +2fy+c=0

C@‘ﬂ = (—g,—f), radius =1r = \/¢g?>+ > —¢

2. Eﬂ@se -

‘ 2 2
&q@ua’cion: % + ?;—2 =1

O centre = (0,0),
QD semimajor axis = a; semiminor axis = b

/\) focii: (ae,0), (—ae,0)

eccentricity = e

Remember relation: b* = a?(1 — €?) /%
&
3. Hyperbola:- @
2 2
g Q

Equation: — —

=1
a® b
centre = (0,0) Cj@

conjugate axis = 2a \
‘O

transverse axis = 2b

Remember relation )%% a’(e? — 1)

4. Parabola:- &

2

Equation: z@aw
symmetry =about x-axis
focus = (a,0 Q)

vertex = (0,0) 'Q,

length of latus rectum = 4a XV
Equation of directrix : x +a =10 A{f@
Qo

Note:- Q/

1. These curves are section of cone by plane. He§e$all it as conics.

2. The pair of straight lines is the conic sectio&é [he intersection of cone with
the plane passing through the vertex consist of two straight line(
called generator of cone)

3. A vertex of cone is a circle of radius. O is a point. Thus a point is also a
conic section.
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4. All conic sections are governed by a general equation of second degree in x
and y
viz. ax?® + 2hzy + by* + 2qx + 2fy +c=0 (1)

5. The nature and the position of conic depends upon the values of the coeffi-
cients appearing in above equation (1).

6. To reduce equation (1), we have to transform the original coordinate system
to new coordinate system. This can be done by two types of transformation
of original coordinate system.

(a) Translation of Axes (b) Rotation of Axes.

B| Transformation of axes

I)Translation of axes:-
In Translati f axes , the origin is shifted to new point in plane. The direction
of new a emains unchanged. The new coordinate axes are parallel to original

co‘$’ axes.

\Q : Yi LY
O
Vv

original centre = O = Q@é

new centre = O’

Let P(x,y) be an p01nt in original coordinate system. Let P(2’,y’) be new
coordinates of the point in new coordinate system, when origin is shiftedto new
origin O'(h, k). (&@

Then , the relation between original and new coordinates of point ng

r=x"+h Q/CZ;S’

y=y +k
IT) Rotation of Axes:- @f

In rotation of an axes , the origin remains Q&nged , but both axes are
rotated through an angle 6.

By Dr.P.M.Paratane, Modern College, Pune-5 4



Yl

3 \rh

el BY
o AT
) Al : : i
..O-."-I’IL 'f.. ANI _rx
ia. 5.2

Let the new coordinates of point P(z,y) be P(z',1y’). Suppose the coordinate axes
are rotated through an angle 6, then the relation between original coordinates and
new coordina,ts of point P is given as ,
\3@ x = 12" cosf — 1y sinf
Q, y=a'sinf + 1y cos b
Th@b@nsformation can be expressed in matrix form as

3 ol = ol | Gy el

/\)Cb) —sinf cosf
C] Central Conics %f

Center of conic: A point in the plane of céfév hich bisect every chord of a
conic passing through it , is called the cent g? the conic.

Central conic : A conic having a centieis called central conic.

1) Circle , Hyperbola , Ellipse are conics
2) Parabola is not a central con%\sx.y Parabola has a vertex.

3) The product term xy is absert always in equation of central conics.
Discrimination of conics@nd Reduction Procedure:

The general second&g e equation represent the conics :-

ax2+2hxy+by2+@2fy+c:0 (1)
Step 1: Given seconhegree equation is given by equation (1).
Find value of constants a, h, b, g, f, and ¢ fron equation. 'Q’Q)
Step 2: Equation (1) represent central conics if | \i@

A:

Q@ =9
~ o
o %<

7 @
Step 3: Nature of conic: Qf

Based on value of ab — h?, we can discri '%’e nature of a conics
)

It can be shown diagrammatically below
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Given second degree equation ax” + 2hxy + by’ + 2gx +2fy + C > 0

\%p 4: Let the centre of conic be (a, f3)

Then the coordinate of centre of conic can be obtained by solving equation

ac + hp —l—y\%

ha + bp @
solving these equation we get, Q

hf —bg hg— %
(0, 8) = (ag—hg’ a?)—af

Step 5: Reduce the equation b 1fting origin to new centre (a,/3)
The equation of a;% matlon are :

'Q’ X=X + «
?» y=y +8
The equation of conics at new centre (a, 3)is given as ,
abc + 2fgh — af? — bg? — ch? 0 %
ab — h? QD
A cb}{/
= az” + 2hz'y’ + by? + T 0 Q (2)
a j—
We can use equation (2) directly as equation of@'@'obtained by shifting
origin to new centre («, f3)
Step 6: To remove product term from equation (2f &e :’E

an angle 0, where
1 2
§ = —tan! h
2 a—2b

The equations of transformation are :

%9

ax’? + 2ha'y + by’? + <

ave to rotate axes through
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2 =2a" cosh —y” sinb
y =" sinf — y” cos

Step 7: Substitute value of 2/ and ' in equation (2) and after simplifying we can
obtain the standard equation of conic.

D] General Equation representing parabola:

General equation of parabola: y? = 4ax

2
Y4 P y =4ax

@C@
Directrix
C%Q x=-a
Procedure
Let P(x, y) be any point on parabola. /%
Axis of parabola is x-axis (y = 0) and tange the parabola is y-axis.
Then, we have
x = perpendicular distance of P from nt to parabola

y = perpendicular distance of P fr¢gm.axis of parabola

Consider the general equation of‘\o degree: az?®+2hxy+by*+2gx+2fy+c =0
a h g

for which A = |h b f %)&\,%ﬂt ab — h? = 0 so that the equation represents the

parabola. %

Since ab — h? = () tlQiq)he second degree terms in (1) forms a perfect square. i.e

5 az® + 2hay + by? = (lx + my)? e
(1) = (lo +my)*+ 292 +2fy +c=0 'Q,
= (Iz +my)* = —[2g7 + 2fy + (| (3) C§@
If the lines lz+my = 0 and 2gx+2fy+c = 0 are perpend1c ach other, then

the line [x +my = 0 is considered as the axis of parabola a ng +2fy+c=0
is taken as the tangent to the parabola at the verte

If the lines lx + my = 0 and 29z 4+ 2fy +c = not perpendicular to each
other, first we have to make them perpendlc addmg A to the equation of
lines lx + my + A = 0 and 29m—|—2fy—|—c-0

Adding A in equation (3),
(I +my + N)? — 2lz\ — 2my\ — N\ = — 29z + 2fy + | (4)
= (lz +my + N\)? = 2Lz + 2my\ + \? — 2gx — 2fy — ¢
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= (lz +my+ N)?= 21\ —2g9)z + 2m\ — 2f)y + (\* — ¢)

We have to find A s.t the lines

lx+my+A=0
and  (2IA —2¢)x 4+ (2mA —2f)y + (A —¢) =0

will be perpendicular to each other.

ies.t
l 200 —2g \ ]
m 2mA —2f )
Substituting value of A so determined, we get the equation of the axis of

parabola i.e 4/ = 0 as the lines lx + my + A = 0 and the tangent to the parabola
iex' =0 as@‘\ —2g)x+ (2mA = 2f)y+ (N2 —¢) =0

>
@/‘Zf
>

Let P(x, y) be coordinate of poiﬁ&P in original coordinate system
Then |,

O
x = 1 distance of P frwent to parabola

y = L distance of P fré is to parabola

e 2M—2@\f<¢\?m—2f )y + (A2 —c)
V( 2l§)(—29 + (2mA — 2f)?
= (20\ — 2g)x + (2mA — 2f)y + (\* — ¢) = (\/(2IA — 29)2 + (2mA — 2f

J = lx +my+ X C§®
(1) + (m)? ‘{,

=lr+my+A=H/(1)2+ (m)2)y Q,
Substituting in (3) we get standard equation of parabol@f.

shifted to O’'(h, k) then the co-ordinates with respect to origin O are

E] Summary 8
e Let P(x,y) be any point in the XY plan 2 origin O(0,0). If origin is
givenby , 2’ =x—h, vy =y—k

e Rotation of axes: Let P(z,y) be any point in the XY- plane. If the axes are
rotated through an angle 0, then the coordinate (z’,%’) of P with respect to
rotated axes are given by 2’ = xcosf + ysinf and y' = —xsinf + ycos 6.
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If the axes are rotated through an angle 6 so that the transformed form
of the expression ax? 4 2hxy + by? is free from the product term zy, then

1 L 2h
9f§ta,n (a—b)'

If under the rotation of axes, without shifting the origin ,the expression
ax?® + 2hxy + by? is transformed to a’z"? + 2ha'y’ + by’ then a +b=a + 1
and ab — h% = a'l/ — h”

The general second degree equation of ax? + 2hzy + by* + 292+ 2fy +c =0
hf—bg hg—af
ab— h?’ ab — h?

represents conic and ( ) is the centre of conic .

In the general equation of conic

1. If@— h? =0 then it represents parabola.
N ab — h? >0 then it represents ellipse.
(@. If ab — h? <0 then it represents hyperbola.
4. If a = b and h = 0 then it represents circle.

5. If A = abe + 2fgh — af? — bg?> — ch? = 0 then it represents pair of
straight lines .

ek
éé,
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Practical 1: Two Dimensional Transformations

1. The origin is changed to the point (—2, k). Determine the value of k so that
the new equation of locus given by 2y? + 3z + 4y = 0 will not contain first
degree term in y.

2. Under the translation of axes, the expression 222 — 3y? 44y +5 is transformed
into 222 — 3y +42' — 8y’ +3. Find the co-ordinates of new origin with respect
to old origin.

3. Find the form of the equation 222 + 3zy — 4y? + x + 3 = 0 when origin is
shiftedc%}the point (—2,1).

4. Tr rm the equation 3z% — 2zy + 3y + 8z + 3y + 4 = 0 by rotating the

3
@q{%s through an angle 6 where 6 = sin™! (5) ,0<0 < g

5. Find the transformed form of equation 2?2 + 4xy + y? = 0 when the axes are
/\)Cb) rotated through le = tan™! i i igi
gh an angle # = tan™'(3) wihout changing the origin.

6. Find the angle # through which the axes shoudd be rotated to remove the xy
term in the folowing equations: K}‘{,

(a) 2% — 4oy +4y*> — 2y +2=0.
(b) 722 + 12zy — 5y + 4o + 632@ 0,
(c) 42 + 122y + 9y* + 2z + 7=0.
(d) x—12:vy—|—7y—|— 6y —2 = 0.
e) 32 —5xy+3y2><> = 0.

f) 422 +2\/_9c\€§31/ 7=0.

) 5a? +3rypy’ +r—y—2=0.

)

422 + 63y +4y* — 22 + 2y + 3 =0.

(
(
(g
(h

* kK @Q
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Practical 2: Equations of Conics

Ques: Reduce the following equations to its standard form. Also find the
center/vertex of conic.

1. 522 + 6xy + 5y* — 10z — 6y — 3 = 0.

2. Tw? — 6xy + Ty* + 30x + 10y + 35 = 0.

3. 22 +day+y? — 22+ 2y — 6 =0.

4. 32% — 8xy — 3y?> — 10z — 4y + 2 = 0.

5. 2% — 2zndy? — 6 — 2y +4=0.

6. 495,26Q’a:y+y2—8x—6y+5:0‘

. %14xy—2y2+10x+4y:0.
O 82?122y — 4y? — 6+ 4y +9 =0.

N
\) 9. 922 — 6ay + y* — ldo — 2y + 12 = 0.

10. 22 — 2y +2y* — 22 — 6y + 7 = 0. é})&’%
**@
Q)
GQ)
>

x>
o
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2 Three Dimensional System

A] Introduction of Three dimensional space

Consider the following figure of three dimensional system.

%Q 1. Three coordinate axes X, Y and Z-axes.
\) 2. Three coordinate axes divide the whole space into eight parts called as octant.
3. Three main coordinate planes X OY, YO@% XOZ-planes

4. Signs of coordinates of point are gov@&) by the octant in which that point
lies as given in the following table.Q

QO

&
>
B| Distance Formula X
O

If P(z1,91,21)andQ(x2, Yo, 22) are two points in SpaceQer) the distance be-
tween then is @,
PQ = \/(z2 — 1) + (Y2 — 11)? + (22 — 21)?

<

C] Section Formula Q& )

Internal Division:

Let P(z1,y1,21), Q(z2,y2, 22) and R(z,y, z) be a point on P which divides
the segment P() internally in the ratio m : n. Then the co-ordinates of point
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\)‘?f

R is given as

Mo + NIy

m-+n
:my2+ny1

m-+n
mzo + N2y
Z——

m-—+n
External Division:

Let P(z1,y1,21), Q(22,y2, 22) and R(z,y, z) be a point on P which divides
the segment PQ) externally in the ratio m : n. Then the co-ordinates of R is
given as

mIo — NIy

QO S

%‘9 _ MYz — N
@, —
\Q _mzz—nzl

z =
m—-n

D] Directions Cosines

Direction angles :- Let AB be a dir '&l/%ine in the space. If line AB
makes angles o, 8 and v with the positive directions of X,Y and Z axes
respectively, then the angles «, 3 arx@ are called direction angles.

Direction cosines :- If «, Qj%) ~ are the direction angles made by the
line AB with the positive-directions of X, Y and Z axes then cosine ratios
of direction angles «a, £, i7. cosa, cos 3, cos~y are called direction cosines
(d.cs) of the line AB. e are denoted by [ = cosa, m = cos 3, n = cos~.

RS
Cgv JAxis | Direction angles | D.Cs
'Qr X-axis 0°, 90°, 90° 1, 0,0
?\’ Y-axis 90°, 0°, 90° 0,1,0
Z-axis 90°, 90°, 0° 0,0, 1

) U

&

Theorem 1 :- Let L be a line in a space with direction cosines f;m,n,
then 2 +m? +n? =1 &Cb)
)
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Consider the line L in the space with direction cosines I, m,n. Let P(z,y, z)
be any point on the line L.

Let the line OP makes angles «, (3, v with positive directions of X,Y, Z—
axes respectively. Then

[l =cosa, m=cosf, n=cosy
Let OP =r = /22 +y? + 22

Draw a perpendicular from P on XY plane. Let the foot of perpendicular
be the point N. Also, draw a perpendicular from point N on X —axis such
that NM 1 X —axis

Then OM =x, MN =y and PN =z

Join ON.
Now, PN_L ON
A is right angled triangle at N

No@/POZ =~ ; ZPON = 90° — ~

@?AONP,
AS)

/\)‘@

PN

in /PON = —
sin oP

X
Consider $

vy = %
2 r2+r2 ,Q,

E] Direction Ratios Q&’

If cosa, cos, cosvy are actual direction cosine of a line then any three
number which are proportional to them are called direction ratios (d.rs) of
a line.

Suppose the numbers a, b, ¢ are d.rs of line having d.cs cos «, cos 5, cos~y i.e
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l,m,n.
Then we have

cosa_cosﬂ_cos*y I m n
a b ¢ a b ¢
V12 2 2
Each ratio = tmotn
1
> 4+— since P+m?+n?=1
Vairre )
m n 1
’.—:—:—::t—
a b I «’a2+b2—i—02
\ =42
D N
b
Cb) (1,2+b2+02
a? + b2 + 2

\jb’ This gives the relation between d.rs and d.cs of a line.
F] Angle between two lines

Theorem 2 :- The cosine of angle b@zﬁ n lines Ly and Ly having d.cs
ly,my,nq and ly, mo, Ny respectively i by, cos = l1ly + mmgy + ning
Proof :- Consider the lines L; an in the space

Given d.cs of Ly aa Iy, mq, n1 .cs of Ly are ly, mg, no

Choose point on P(x1, 41, z ine L; such that [(OP) = 1 and Q(z2, y2, 22)
on line Ly such that [( % 1

Let 6 be angle between the lines L, and@&

Now let OP make direction angles a1, 51,7 and OQ make angles aaq, (2,72
with positive direction of XY, Z— axis respectively.

Thus we hage ,

cosay = —> cosa; = x; (Refer proof of Theorem 1 to understand

OP
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this. Here r = 1)

cos b1 = é = cos B =y

Ccosy = _P = CO0S7Y1 = 21

Thus, coordinates of point P are given by

(xla Y1, Zl) = (COS aq, COS 517 COS ,Yl) = (lb my, nl)
Similarly, coordinates of point @) are given by

(22, Yo, 22) = (COS v, €OS By, 08 Ya) = (lz, Mg, n2)
In AOPQ), by cosine Rule , we have
(OP)? +(0Q)* + (PQ)?
2(0P)(0Q)
141 (PQ)?
N BEEOD
Q(Cbb _ 2— (PQ)2 (1)
Y 2
@@w , by distance formula,
QO (PQ)? = (21— 22)* + (11 — 12)* + (21 — 22)°
/\)% = [(cos a; — cos a)? + (cos B — cos B2)* + (cosy1 — cosY2)?]
(PQ)? = (cos® o + cos® B1 + cos? 1) + (cos® ay + cos? By + cos® 7o)
— 2(cos aj cos ag + cos B cos [y S Y1 COSY2)
(PQ)* =1+1—2(Iyly +mymsy + n@g

=2 2([1[2 + mime + n}@‘r

Substituting value of (PQ)? it(jKZ) e get,

cosf =

COSQ . %[2 — 2([112 —;mlmg + nlng)]
\}} 2—2 + 2([1[2 + myme + nlng)
B 2
@OS@ = lllg + mimso + NiNg

Result 1 :-Sine of angle between two lines )
We have, 'Q,
sin“f =1 — cos” 6 QP
=1- (lllg + mimse + n1n2)2 (é&’
= (If +m} +nd) (15 +m3 + n3) — (Lo + mumist ning)?
since (34+mi+ni=1 [5+m;+ )
= sin®0 = 213 + 2m3 + En5 + mils + mim; ng 4+ nily +nimsy +ning
— [I212 + m2m3 + n*n3 + 2l1lom %lemgnmg + 2l1lan1ng]
= (l%mg + m%lg - 2m1m211l2) + g + n%lg - 2[11271177,2)
+ (m2n3 + nim3 — 2mimaning)
= (lymy — m1l2)2 + (ling — n1l2)2 + (ming — n1m2)2

sinf = :t\/(llmg — m112)2 + (lln2 — N112)2 + (m1n2 — n1m2)2
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Result 2:- Condition of perpendicularity

Two lines are perpendicular to each other if and only if 6 = 90°
i.e if cosf = cos90° = 0

ieif l1l2 + mime + ning = 0

This is the condition of perpendicular lines

Result 3 :- Condition for two perpendicular lines in the form of
direction ratios
If two lines have direction ratios ay, by, ¢y and as, by, ¢ respectively

We know,
cos = lils + mimy + ningy
. ai a2
\\ Vai+ b2 +c2 /a3 + b+ 3

Q@s 4 b b2
%ﬂ\ VAT +E G+ 0]+ B

@ + o 2
Vai+ b2+ a3+ b+ c3

Cb) . a1a2 + blbg + ci1Co
AN N RN R

Two lines are perpendicular if 8 = 90° '%
xS

i.e cosf = cos90° =0

. ajas + b1by + cico

l.eif =
Vai+ b2 +c2y/a2 + b3 + 2

i.eif a1ao + ble + ci1c9 = 0 Q

This is the condition of perp ular lines in the form of d.rs of lines

Result 4 :- Condition@\mparallel lines

Two lines are parall l@ ch other, then we consider 6§ = 0°

i.e if sin @ = sin 02 7\4()

ieif \/ llmg )2>—|— (l1n2 — nllg) + (mlng - n1m2)2 =0
l1m2 1@“‘ llng - n1l2) (m1n2 - n1m2)2 =0

= limgs — mYly=0

= llng — n112 =0 Q)
= ming —Nimy =0 Q
h_m o om_mo h_m x &

52 m2’ mo 712’ ly N2 A{fb)
L _m Q,Cbb

lg mo N9
These is the condition of parallel lines @,
Result 5 :-

Two lines having d.rs ay, by, ¢c; and as, b, i Qr/e- parallel to each other if |

3] by C1

a2 by C2

Yk k
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Practical 3: Direction Ratios ans Direction Cosines

1. A line makes angles 45°,60° with X, Y-axes. Find the angle made by the
line with Z-axis.

2. Find the direction cosines of a line whose direction ratios are 6, —2, 3.

3. Find direction cosines of a line which are equally inclined with the co-ordinate
axes.

4. Find direction cosines of a line passing through the points (2,3, —1) and

(07 -1, QX
5. Fin Cgangle between two lines whose direction cosines are connected by
T, ons 2l +2m —n =0 and Im +mn + In = 0.

1 2 1
A}%&C,an the numbers —, —, ———= be direction cosines of a line? Justify your
V3 V3 V3 vy

answer.

QO
\) 7. If a, B, 7 are direction angles of a line, then find value of sin® a + sin® 8 +
sin? . ,%
xS
*k k-

>
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3 The Plane

General equation of First Degree

A surface is called a plane, if a line joining any two points on the surface com-
pletely lies on the surface. i.e. if A and B are any points on the surface and P is
any point on the line AB, then P also lies on the surface.

Theorem 3.1 FEvery equation of first degree in x,y, z represents a plane.

1. General equation of the plane is ax + by 4+ cz + d = 0. The coefficients a, b, ¢
represents direction ratios of normal to the plane.

2. Point-Normal Form: The equation of the plane passing through the point
(21, y1,3pand having d.rs a,b,cis a(z —x1) + by —y1) + c(z — z1) =0

3. N al form: The normal form of equation of plane is lx +my + nz = p
wilere [,m,n are the direction cosines of normal to the plane and p is the
rependicular distance of the plane from the origin or length of normal from

'\Q the origin. The distnce p is given as

O
/\) _‘ az—l—bQI%
,{/

4. Plane Passing Through Three Poi
The equation of plane passing throug three non-collinear points (x1, y1, 1),

(22, Y2, 22), (T3,ys, 23) is given by@Q

y 2z 1
1y o~ 1
=0
\/Cjb) To Yo 2z 1
“ T3 Y3 23 1

5. Intercept Fo@f the plane intersect the coordinate axes at the points

(a,0,0), (O,Q&), (0,0,c¢) then it’s equation is L + % + S
a c
6. Perpendicular distance of a point P(x1,y;,2;) from the plane by +
cz +d =0 is given by, Ki@
axl—l—byl—l—czl—i—d‘ ,{fb)

VETELE QP

7. Angle between two Planes: Angle between t@anes is equal to angle
between their normals from any point.

Let
a1x + by +c ; d =0 (1)

and asx + bay + oz +dy =0 (2)

be equations of two planes which intersects each other. The numbers aq, b1, ¢q
and as, by, ¢y are direction ratios of normals to planes and respectively.
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10.

Let 6 be the angle between the planes and hence between their normals.
Then, we have

a1a2 + blbg + ci1Co
Va2 + b3+ /a3 + b2 + ¢

cosf =

Bisecting Planes: Let

s x+biy+ciz+d =0
and agx + boy + coz +do =0
be equations of two planes which intersects each other.
Let P(x,y, z) be the point on the plane bisecting angle between given planes.

Then t erpendicular distances from P to the two given planes should be

equa@’lerefore

ar + by +cz+dy
Va4 b2+

Thus, equations of the bisecting planes are

asT + bzy + oz + dg

\/ag—f-bg —1—03

amr+biy+cz+d asx + by + 2z + do
2 2 2 - j: 2 2 2
N T Xﬁy@ﬁ45+@

Of these two bisecting planes, one b}é@/& the acute angle and other obtuse
angle between the two given plane@

System of Plane: Consider@ations of two planes

W= a1x+ by +cz+d =0
. Q B
b@rv:agx+b2y+02,z+d2:0

Then, equation o@é e passing through the line of intersection of two planes

u =0 and vﬁi&s given by

uw+ M = 0, where \ is real parameter. ,Q,Q)
Joint Equation of Two Planes: Consider equations of t anes

u=ar+biy+cz+d :QCZ}%
and v = agx + boy + 22 + do £ 0,
Then the joint equation of these two planes i@§by
(a2 + by + 12+ dy) (ag@%;— ez +dy) =0
Theorem 3.2 The necessary and sufficient condition that the homogeneous

second degree equation ax? + by* + cz® + 2fyz + 2gzx + 2hxy = 0 respresents
two planes is
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Q@ 2
- o

Remark 3.3 If 0 is angle between the planes reoresented by the equation
az? + by? + c2* + 2fyz + 2gzx + 2hay = 0, then

2¢/(f2+ g*> + h? — ab — bc — ca)

tan = a+b+c
%k
&
Sl
\)%5
&
>
6@
>
O
x>
&
$
Nad <
&‘Zf
,&CZY
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Practical 4: Equation of Plane

Ques. Find the equation of plane

1.
2.
3.

making intercepts 2, —3, 4 on the coordinate axes.

passing through the point (1, —2,3) and parallel to the plane 2z +y — z = 5.
passing through the points (2,0,—1), (1,2,1) and (3,1, —2).

points (1,1,0), (—1,3,4) and is perpendicular to the plane z+y—2z+3 = 0.

passing through (2,0,3) and makes intercepts on the axes which are in the

ratio 3 & : 2.
o

. pa@%’thmugh the points A(1,1,1),(1,—1,1) and (=7, -3, =5).

@Qf Kk
AN
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Practical 5: Bisecting Planes

1. Find angle between the planes 2z — 2y + 42z =1 and x + 2y + 2z = 3.
2. Find the distance of a point (1, —1, 1) from the plane z + 2y — 2z + 3 = 0.

3. Find equation of the plane bisecting the angle between planes x+y—2+3 =0
and 4x —3y+12z+13 = 0. State which plane bisects acute angle and obtuse
angle.

4. Find equation of the plane bisects the acute angle between planes 3z — 6y +
22+5b=0and 4 — 12y + 32 — 3 = 0.

5. Show @ the plane 14z — 8y + 13 = 0 bisects the obtuse angle between the
pl@x-{—ély—az—l—l =0 and 5z + 12y — 132 = 0.

A\&i@
AN
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Practical 6: System of Planes

1. Find the equation of the plane which passes through the line of intersection
of the planes 2x +y — z = 3 and 5z — 3y + 42 + 9 = 0 and is parallel to the
line whose direction ratios are 2,4, 5.

2. Find the equation of plane containing the line of intersection of the planes
dr+3y+22+2 =0 and 3v+2y+ 22+ 1 = 0 whose distance from the origin
1

18 —.

V2

3. Find the equation of plane containing the line of intersection of the planes
T —y +\2€ +1=0and 2z +y — z — 5 = 0 and passing through the point

(1 —{x;if

4 rmine which of the following equations represents pairs of planes, if so,
@Pﬂd angle between each pair.

)
)
(c) 32% —6xy — 10yz +5zz + 2 — 2y =0 ,%
(d) 22+ 9%+ 22 +2xy+4yz+22x+x)®y 1=0
(e) 222 —2y* — 322 +3xy+5yz—@+4x—7y+92—6=0
5. Find the joint equation of th 1@%2x+3y—z20andx—y+5z:0.

6. Find the equation of plane\containing the line of intersection of the planes
r4+y—2z+1=0and QxG%—i- 2z+3 = 0 at a distance unity from the origin.

r—3y+4z=>5 + 9y + z = 1 and which is perpendicular to the plane

7. Find the equatio ; a%lane containing the line of intersection of the planes
rt+y—z= 2

ok k %3
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4 Line

1. Equations of a Line:

The intersection of two planes is a line. Thus, the eqautions of two planes
simultaneously represents the line. Consider two intersecting planes

ar+by+cz+d =0 (3)
and asx + boy + oz +dy =0 (4)

The line L is represented by the equations of planes given by and (4])

2. Symmét\t:ical form of equations of a Line :

A
@1;‘%@

AN

]‘@Lg\m, n are direction ratios of a line and (x1, 41, 21) is any point on the

hen symmetric equations of line are

rT—21  Y—UY Z— 21

{ m n

/\) B] If a,b, care direction ratios of a line and (x1,%,21) is any point on the
line then the symmetric equation of line is /%

&
‘@é})z—zl

rT—T Y

a Q‘Q& C

3. The equations of a line given@@

r+by+cz+d =0
di asx + boy + coz +dy =0

X0

is called unsymnz%)mlgj%al form of equation of line.

4. Reduction Qnsymmetrical form to symmetrical form:
Consider theXine given by:

(a)

%

mr+by+ciz+d =0 'Q’
and asx + boy + oz +dy =0 “

,{f@
For the point on the line: Q/%

A point on the line can be chosen conveniew%%yhere the line cuts the
XOY plane. i.e. z = 0 plane. Substitut%—. in both equations and
solve that simultaneous equations to ge{/t point on a line.

For the direction ratios of the ‘@:
The line of intersection is common to both planes. Therefore, line is

perpendicular to the normals of planes. Using the condition of perpen-
dicular lines, we get direction ratios of the line of intersection.
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5. Line passing through two points: The equation of line passing through
two points (1,41, 21) and (z9, Y2, 29) is given as:

r—r  Yy—-lh -2

To — 27 Y2 — 22— 21

6. The equation of line involves four arbitrary constants.
7. Angle between Line and Plane:
Let 6 be angle between a line i _l YT _ TR da plane
m n
ar +by +cz+d=0.

o (E _9> _ al’éb%—i—cn
2 é;é%_g + 02 4 2
) al +bm + cn
1 —_—_—
a? + b2 4 2
If «/, b, are direction ra@(d.r.s) of the line, angle between the line and

plane is given as: )&}’
aa’ 4+ bt +

c&i o =
Q, Va2 + b2 + 2a? + b2 + 2

?\,

8. Length of the perpendicular from a point to a line: (@'Q,

x—$1:y—y122—21 K>

Point: P(«, 3,v) and the line: 2
a

Step 1:- Let PM 1 Line, M is foot of perpendicular from P on the line.
Step 2:- The general point on the line is (z1 + ar,y; + br, z; + cr) = M (say)
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Step 3:- Direction ratios of the line PM are (1 +ar — o, y; +br— 3,21 +cr —7)

Step 4:- By condition of perpendicular lines, we have

a(ri4+ar—a)+byr +br—B)+c(z1+cr—v)=0

Step 5:- Solving equation in step 4, we will get value of r as

a(ry —a) +b(y1 — B) + (21 —7)
a? 4+ b2 + 2

Step 6:- Substituting value of r in M, we get coordinates of point M and d(PM)

d(PM) = /(z1+ ar — @) + (y1 + br — )2 + (21 + 7 — 7)?

>

& 1t10n for two lines to be coplanar:

\>

10.

onsider two lines

Iy - ma B ny
‘CL’—[L’Q Yy — yg( Z — Z9

Iy THQ%
are coplanar if
Q®

T — W=Y2 21— 2
ll mq nq =0

N% mo %)
where [, mq,nq and%?ng, nsy are direction cosines of lines.

If direction ratio lines are given as ay, by, c; and as, by, ¢, then the condi-

tion of copl@y is

Ty —T2 Y1 —Y2 21— 22 Q)
aq bl C1 =0 (@Q
(05} bg Cy (8)&)

The equation of plane containing coplanar line 1%ven by

Tr—I Z/ Y1
ai
a2

Skew Lines:

Two lines in the space are said to be skew line if that lines are neither
intersecting nor parallel.

By Dr.P.M.Paratane, Modern College, Pune-5 27



11. Shortest distance between the skew lines:

Consider two skew lines as

I A-n_Y—Wn o cT A
1 = =
%] by C1
Tr—T — 2=z
and Ly : 2:?J ?J2: 2

a2 by Co

The shortest distance between lines L; and Ly is given by

T—=T2 Y—Y2 22— 2
a1 by C1
ag by C2

S.D =
C} \/(blcg — b261)2 + (alcg — G261)2 + (b1a2 — bga1>2

ThQ uation of a line of the shortest distance between the skew lines
@i/ wen by
\Q Tr—T Yy—u Z—2
(b; aq bl Cq =0
\) b102 — b201 a1Cy — A2Cq b1a2 — bgal

OR &S

T — T2 Yy—Y2 (Z)}> 2= 2
(05} b Co =0
b1€2 — bgCl a10@®a201 b1a2 — bgal

ok
>

x>
o

By Dr.P.M.Paratane, Modern College, Pune-5 28



Practical 7: Lines

1. Find the equations of a line joining the points (—2,1,3) and (3,1, —2).

2. Find the equation of a line passing through (3,1,2) and prependicular to
the plane 2z — 2y + 2z + 3 = 0. Also, find the coordinates of the foot of
perpendicular.

3. Find co-ordinates of the point on the line corresponding to parameter ¢.
r+1 y—2 z+4
=7 =3 at t = —1,2.

4. Find the distance of point (—2,1,5) from the line which passes through the
(23]

Given Line:

point 5) and has direction ratio (2, —3,6).
r—2 y—1 243

@the distance of point (6,6, —1) from the line i T

\QG. Find the distance of the point (1, —1,2) from the line g = =
‘\)Cb) Also find the coordinates of foot of perpendicular.

Jo Kk %
éé’
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Practical 8: Asymmetric Equation of line

1. Find the symmetric form of the equation of a line x +y + 2+ 1 = 0 and
dr+y—22+2=0.

2. Find equation of the line of intersection of two planes = + 4y — 5z = 12 and
8z + 12y — 132z = 32.

3. Find the point of intersection of a linez +y+42+3=0=0+4+2y —2—7
with YOZ— plane.

4. Find the direction cosines of a line given by x 4+ 2y — 32 = 4 and
20 +y e =2.
N .
5. Fi@ymmetric equations of line given by 3z +2y+2—-5=0and x +y +
5= 0.
Find angle between lines ¢ +y+22—-33=0=2z+4+y+ 2+ 1 and
r—1 'y 2z-2

2 1 -1
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Practical 9: Lines and Planes

1
1. Find the distance of point P(1, —2, 5) from the point of intersection of the
plane x + y + 2z = 4 with the line x =y — 1 = 22z 4 3.

-3 -5 -7
2. Find the angle between a line ? T = Y 7 = : 7 and the normal to a
plane 2z —y— 243 = 0. Find also the point of intersection of line and plane.

-4 3 -1
3. Find the distance of a point (=7, —4,3) on the line xll = y—; . 5

measured in the direction of a line from a plane x + 3y — z = 5.

4. Find tb&ngle between a plane z + 2y + 2z — 3 = 0 and a line
r—ANy—-2 2-3

Q%‘\/ 1 —2
1 3 -3
%’ind the point of intersection of the line z 1L _yrs 2 with plane

&

3 -2
3r 4+ 4y + 5z = 5.

—4 7 3
6. Show that a plane 2x — y + 3z = 6 contains g line & 5 = i +6 . +4 .

7. Find the equation of a plane containing @?éiven linex—4 =2y+1 = 32—-2,

and point (1,—1,3). .@

2 3 —4
8. Find the equation of a plane c@@ing the given line ‘ ;— _ Y ; _— 5
and point (0,6,0). \
o

<
o

ok k
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Practical 10: Coplanar and Skew Lines

1. Show that the lines a:

_y=>5

z—06

—4
and *

_y+3

z—1

2

11

1

are coplanar. Find the equation of the plane containing them. Also find the

point of intersection.

2. Show that the lines

x+3_

y+5

z—17

3

-3

and

$+1_

y+1_

z+1

4

5

are
-1

coplanar. Hence find the equation of the plane passing through these lines.

3. Find the shortesrt distance between the lines

):v\?)_y 8 z—3 x+3:y+7:z—6
C@o" ~1 1’ -3 2 4
@’l 3 y— _2—T a1l _y+1 =41
A\Q{ 17 —6 1
— y—l—l z—2 -1 y—-1 =z-1
-2 -3 =3 2 1
a:—l y—2 z—4 -2 y—4 z—5

d — -

* Kk ‘é’

<&
>
x 0
&‘ZY
Qe
)
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5 Sphere

Definition 5.1 A sphere is a locus of a point which remains at a constant distance
from a fixed point. The constant distance is called the radius and the fixed point is
called the centre of a sphere.

1. Equation of a Sphere:

(a) Equation of standard Sphere: Equation of standard sphere with
centre at origin (0,0,0) and radius r is given as

Y+ =0 (5)

(b) re Radius Form of Sphere: Equation of sphere with centre at
a, b, c) and radius r is

‘@'% (x—a)’+ (y =0+ (z —¢)* =12 (6)
/\;@ Remark 5.1 (a) The equation (6) can be written in the form
2?2 —2ar+a*+ P =2y £V + 22— 22+ 2 =12
:U2+y2—|—22+2ux+ wz+d=0 (7)
where uw= —a, v= —b, w%—c d=a*+ b+ —r2

Equation @ 15 called as gen equation of sphere.
(b) The following are the chigr %ristics of the general equation @

1. It is the second e equation in x, Yy, Z;
ii. The coeﬁicze Cg%qf y?, 2% are all equal;
11. The produ, rms xy, yz, zx are absent.
(c) The equatz&he sphere contains four independent constants.
(d) Four nonscoplanar points determine the unique sphere.

2. The centre and radius of sphere represented by genral equation @%" given

as Kizw
&C@

—RQ°

Radius = Vu2 +v2 4+ w
3. Equation of the sphere passing through f()%fpoints A(z1,11, 21), B(wa, Yo, 22), C(x3,
and D(xy,y4, 24) is given by

2y’ 42 y:z

2, 9 2
TIFY A 1 &
9, 2 .2
Tyt yY; 25 T2 Y2 2
5,9 9
T3+ Ys+25 T3 Yz 23

2 2 2
Ty+ Yy T2 Ta Ys 2

Centre = C' = (—u, —v, —w)

— = =
Il
o
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4. Sphere with given diameter:

Consider the sphere with diameter AB where A = (x1, 1, 21) and
B = (22,92, 22). Let P(x,y,z) be any point on the sphere.

P (xy.z

A B
A\ (x1,y1,21) (x2,y2,22)

O
D
C@Q’

~>
0

’\)Cb)
Consider the sphere with diameter AB where A = (x1, 1, 21) and

B = (22,Y2, 22). Let P(x,y, z) be any point&% the sphere.
- PALPB N

Direction ratios of PA are x — x1,y — — z; and that of PB are
T — X9,y — Yo, 2 — Z3. Since PA is endicular to PB
%
(0 = 20)(z — 22) + (A — ) + (2 — 21)(2 — ) = 0
This is diameter form of@)} tion of sphere.

5. Plane Section of )S.}here:

The circle i§given by

The section of ;%‘here by plane is a circle.

S:a? 4+ + 22 4 2ur + 2uy 4+ 2wz +d =0 & (8)

and U :ax +by +cz+d =0 “@Q 9)

Steps to obtain the centre and radius of the circle of int?gégﬁon of sphere
given by equations and @D

(a) Consider the circle given by equations aﬁi%@'.
Centre of sphere S'is C' = (—u, —v, —w) a@fr ius=7r=+Vu2+v2+w?—d
b,c

Direction ratios of normal to plane U a{c; a
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(b) To find radius of circle:

Let M = centre of circle of intersection
M P = Radius of circle of intersection
CM = the perpendicular di &e of centre C from the plane.

au — bv — cw —

\/a2+62@@\’
—au —bv —cw —d
MPZ—CPZ—&QP— o
Vva C
‘o

C’M:‘_

2

(¢) To find co-or inates of centre of circle

— e

ii.

1l

v

. CM is ?g{%al to the plane. . d.r.s of CM are a,b,c

T}@uaﬁon of line C'M passing through point C' = (—u, —v, —w)
are ‘given as Q)

T+ u + v Z+w
L

a b c
M is point on the line C'M. X0
.. Co-ordinates of point M = (at — u, bt — v, ct ?Zéy)

Point M lies on the plane. Hence coord@@s of point M satisfies
equation of the plane. Q )

Thus, a(at —u)+b(bt —v)+c(ct d' = 0. Solving this equation,
we get value of ¢. Substituting itin M = (at — u,bt — v, ct — w),
we get centre of circle of intersection.

6. Intersection of two Spheres:
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8.

&

10.

11.

Consider the spheres

S+t + 22 4 2upr + 2uy + 2wz +di =0 (10)
Syt 2 +y* 4 22 + 2uow + 200y + 2wz +dy = 0 (11)
The curves of intersection of two spheres given by and is a circle.

Sphere through given circle:

Equation of the sphere through the circle of intersection of the sphere S :
22 +y? 4+ 22+ 2ux + 2vy + 2wz +d = 0 and the plane U : ax +by +cz+d =
is given by

S + AU = 0 where ) is the real parameter.

Inte%@%ion of Sphere and Line:

1@%& intersects the sphere in two points.

Points of the intersection of the sphere:

Consider the sphere S : 2% + y* + 22 + 2uz + 2vy + 2wz +d = 0
and the line x;a _y=8_z77 =r (say)
n

m
The coordinates of general point P on the@ are P(a+lr, 5+ mr, v+ nr)
If the point P lies on sphere then we h

(a+1Ir)*>+ (B + mr)%@-k nr)? + 2u(a + Ir)

+2v(ﬁ+mr)#¢§ay+nr)+d:()
— r?(12 + m? —I—Q r(al + Bm + yn + nl + vm + wn)

+ (a? +.62©%~> + 2ua + 208 + 2wy +d) =0

x
This is quadratie&q&&}%ion in 7 and hence it gives two values of r say rq
and ry. Thereforgythere are two points as A(a + lry, p + mry, v + nrq) and

B(Oé‘i‘l?”g,% 2,7"‘7?//’2)
Equation of the tangent plane to standard sphere S : xz—i-yQﬁ?j =a?
at point P(x1,y1,21) is 'Q,

2 N

rxx1+ Yy + 221 = a’. &(@

Equation of the tangent plane to general spheQ/fpi 2+ y? + 22+
2uz + 2vy + 2wz + d = 0 at point P(z1,y1,21) is .

xa:l—l—yyl+221+u(x+x1)+v(y+y@rw(z+zl)—|—d:0
Condition of Tangency for standar@here:

The condition that the plane lx + my + nz = p is tangent to the sphere
224+t + 22 =a?is

p = tavI? +m? + n?
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12. Condition of Tangency for general sphere:

The condition that the plane lx + my + nz = p is tangent to the sphere
22+ % + 2% + 2ux + 2uy + 2wz +d =0 is

(lu +mv +nw + p)?* = (U + v +w? — d)(I* + m? + n?)
Remark 5.2 Let C be centre and r be radius of the sphere and P be any
point in the space. If

(a) CP <, then the point P lies inside the sphere.
(b) CP =r, then the point P lies on the sphere.
(¢) CP > r, then the point P lies outside the sphere.

ol T
Q«
CZS)Q

>
0
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Practical 11: Equation of Sphere

1. Find the centre and radius of the sphere 2% +y* + 22+ 62 — 4y +22+5 = 0.
2. Find the equation of the sphere :

(a) Passing through (1,1,2) and (0,—2,1) and the center lies on the line
r—1=2—-y=2+1

(b) Passing through the origin and making equal positive intercept of 2
units of the axes.

(¢) Which circumscribe the tetrahedron (0,0, 0), (0, 3,0), (1,0,0), (0,0, 2).
3. Find tﬁgéquation of sphere whose diameter has end points (—2,3,5) and

<1<®3>.

4. d the equation of smallest sphere passing through (2,3, —5) and (1,2, 2).

’\Q 5. Find the equation of the sphere passing through points (0, 0, 0),(1,0,0),(1, 1,0)

and (1,1,1).

6. Find the equation of the sphere passing thro points (1,1,1),(—1,0,2),(0,3,—1)
and (2,1, -3).

O
X
o
Q>
?\, &
v@?
{Zf
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Practical 12: Plane Section of Sphere

1. Find the centre and the radius of circle 2% + y? + 2?2 —4x + 62 — 3 =0,z +
2y — 2z = 1T7.

2. Find the area and circumference of the circle represented by a2 + y? + 22 +
204+3y—6 =02 —2y +42 -9 =0.

3. Find the point where the line x +y — 3 = 0 = 2z 4 z + 4 cuts the sphere
24y +22—42-9=0.

3 4 -8
4. Find coordinates of the points where the line Tt _ Y + _Z inter-

4 3 -3
sects t@phere 2?2+ y? + 2% + 22 — 10y = 23.

5. Fi he length of intercept cutoff by the line x +2 =y + 3 = 2+ 5 on the
ere 22 + 9%+ 22 — 62 + 5z + 11 = 0.

’\QG. Find the equation of the sphere passing through the circle 22 4 y? + 2% +

20+ 3y — 6 = 0;x — 2y + 42 — 9 = 0 and through the centre of the sphere
2+t + 22— 20 +4y—62+5=0.

7. Find the equation of sphere for which the (@ 2?2yt 42t —dr—6y—12 =
0,2+ 2y — 2241 =0 1is a great circle. Q)

8. Obtain equation of the circle lying c@@sphere 224y 2220+ 2y—42+3 =
0 and having centre (2,2, —3)

9. Find the equation of the s ere passing through the circle 22 + 3% + 22 = 9,
20+ 3y +4z =5 and the@?ﬁmt (1,2,3).

10. Flnd the equatlo Q%Xh% sphere passing through the circle of intersection of
o +y? + 22 +6 6z—14=0, x+y— 2z =0 and the point (1,1, —1).

?» * Kk
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Practical 13: Tangent Plane

r+7 y—6 z2z+4

. Show that the line 1= = is a tangent line to the sphere

-5 5
22+ y? + 22 —4x — 6y +22—19=0. Also , find the point of contact.

. Find the equation of a tangent plane to the sphere z? + y? + 22 + 4z — 2y +

22— 12 =0 at (2,2,0).

. Find the value of X if the plane z + y + z = A touches the sphere 22 + y* +

22420 +2y—22—-9=0.

. Find the equation of the tangent plane to the sphere 2% 4 3% + 22 +4x — 2y +

2z — 12@ which are parallel to the plane 4x + y + z = 5. Find their point
of ct.

cx? + 9?4+ 22+ 22 — 4y + 22 — 3 = 0 and also find the point of contact.

@QW that the plane U : 2x — 2y + 2z + 16 = 0 is tangent plane to the sphere

. Determine whether the plane 2y — 3z + 18 = 0 is tangent to the sphere

24yt —dr+2—22—-7=0.

. Find the equation of the sphere which pass @ugh the circle 22+1%+22 = 5,

x4 2y 4+ 3z = 3 and touches the plane %—} 4z — 34 = 0.

. Show that the spheres 22 +y? + 22 —“@’— 2y —4z+5=0and 22+ 9> + 22 —

6z — 6y + 17 = 0 touch each @ d find their point of contact.

Yk k
>

»
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6 Cones and Cylinders

6.1 Cone

Definition 6.1 A surface generated by a stright line passing through a fized point
and intersecting a given curve is called as a cone.

The fixed point is called the vertex of the cone and the given curve is called the
gutding curve. A line which generates the cone is called a generator.

Vv
$
@C@
’\)Qy
A
D
B C
Cone with guiding curve
SO
Remark 6.1 If &?&L’idmg curve is a plane curve of degree n, then the equation
of the cone is also’of degree n and we call it a cone of order n. Q)

Equation of Cone Q

To find the equation of cone with vertex at the point (a, 3,7) and “mg guiding
curve a conic f(x,y) =0,z = 0 in the XY — plane.

Let V(a, 8,7) be the vertex of cone. The equations of a g eratlng line passing

through V' are
r—Q y B ﬁ <z = Q ‘ (12)

At a point of this line in the XY —plane , we h :e z=0.
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., we get

oo Y- ﬂ 1‘
[
()
y=p5- <% v at P

Now, the point P with these coordinates lies on the conic f(z,y) =0

f (a— (%) v, 8 - (%) 7) =0 (13)

We eliminat%\m, n from equations and

S 2 ()
@ Z,(aj_;yx’ﬁzi;yy) —0 (14)

/\) Equation (|1 D is required equation of the cone.
Condition that represents a cone ,%
Consider the general equation of second d@fée

az? + cy® + c2* + 2hay + 2fyz + 2&22& + 20y + 2wz +d =0 (15)

Equation represents the cone 1@

. h g u
)&)\, h f (% —0
\% g c w
Q U w d
If this condition tisfied then the coordinates of the vertex V(zy,y,21) are
obtained by solving the following system of simulteneous equations Q)
axy + hy, + gz1 +u =10 K)C@Q
hxy + by, + fz1 +v =10 ‘{,Cb)

gri+ fyi+ecz+w=0 Q

Right Circular Cone §
A surface generated by a line, passing through a%( point, and making con-
i

stant angle with a fixed line through that fixed poiit is called a right circular cone.
The fixed point is vertex of the cone. The ﬁxe@e is called axis and the constant
angle is called semivertical angle of the cone.

Consider the following figure of right circular cone with vetex V', axis VM and
semivertical angle a.
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O
Note: The section of a righ\q'rcular cone by a plane perpendicular to
the axis of the cone is a.circle

Equation of Rig:} 'Xcular Cone:

Consider the right¢gircular cone having vertex at origin V(0,0,0), the axis
TS T (wh :m, n are direction cosines of axis) and semiverticle angle .
m n
&
>

N}

< -
OM is axis of cone and « is a semivericle ang‘l@
The equations of axis OM are
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Let P be any point on the cone having coordinates (x,y, z) on the cone. Then,
the direction ratios of OP are x — 0,y — 0,z — 0 i.e x,y, 2.
The direction cosines of OP are then

T Yy 2
Va2 + 2+ 22 a2+ 2+ 22 [+ 2 + 22
T 2
L cosa = (1) + (m) Y ,+(n)
Va?+y?+ 22 VT2 4 y? 4 22 VT2 4 y? 4 22
lx +my + nz
= cosa =
Va?+y?+ 22
= (Iz +my +nz)* = (22 + y* + 2?) cos’ a (16)

This is the required equation of a right circular cone.
Particular e:
Supp *&Xis of the cone is on Z-axis.
The diat&g ion cosines of Z-axis are 0,0, 1.
Sm@wmng [ =0,m=0,n=1in equation (16), we get
AS) 22 = (2* +y* + 2%) cos’ a
/\)Cb) = z28e02a:x2+y2—|—z2
= 22(sec’a — 1) = 2% +¢°
2, 2 2, 2
= Tty =z tan@ (17)

Equation (17]) represents the right circg@géne having vertex at the origin and
axis on Z-axis. Q

C
6.2 Cylinder \

Definition 6.2 A surface ger@gged by a straight line which always remains paral-
lel to the given fixed line a mich intersects to the given curve is called cylinder.

The stright line which ates the cylinder is called as the generators of the
cylinder and the giv rve 1s called as the guiding curve.
SO

By Dr.P.M.Paratane, Modern College, Pune-5 44



Equation of Cylinder

The equation of cylinder whose generator intersects the conic, az? + 2hzy +
z

by? + 29z + 2fy +c =0, z = 0 and parallel to the line % Y _Zy given as
m n

a(nz —12)? + 2h(nx — 12)(ny — mz) + b(ny — mz)* + 2gn(nx — 12) + 2fn(ny — mz) + en® = 0

Right Circular Cylinder:

Definition 6.3 A cylinder is called a right circular cylinder if its quiding curve
15 a circle and its generators are lines perpendicular to the plane containing the
circle.

The normal to the plane of a guiding circle passing through its center is called as
the axis of+the cylinder.

The plane SEC ion perpendicular to the axis of a cylinder is a circle. The
radius Of@ circle is called as the radius of the cylinder.

>
@ e —

/\)%’Q k [ )
[ (@.B,7)
P B
*7,2) r

Right Cicular Cylinder
.
Equation of Right Circular Cylinder .r\/\/@
Consider the right circular cylinder with radius r and axis given*@)

r—a y—p» z-—v '{/
I m  n Q/Cbs

Refer the above figure of right circular cylinder. \’
Let P(z,y, z) be any point on the right crcular cylin@and A(a, 8,7) be the point
on the axis of cylinder. ,{/ .
Draw PB | Axis and join PA. Q
PB=r
The direction ratios of PA are x — a,y — 3,2 — 7.
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The direction ratios of AB are [, m,n. In right angled triangle PBA, we have

AB = (PA)cos LPAB

l(z—a)+m(y—B)+n(z—7)
VE+m? +n2\/(x —a)? + (y — 5)? + (2 —7)?
But PA=+/(z—a)?+(y—B)2+ (2 —7)?
l(x —a) +m(y — ) +n(z —7)

VE

AB = (PA)

= AB =

Now, (PA)? = (PB)*+ (AB)?

(x —a) +m(y — B) + n(z — )]
[2+m?+n?
(12 +m? 40 {(z — )2+ (y = B)? + (= )2 = 17] = Uz — a) +mly — B) + n(z — )

T@reqnired equation.
2.0, 8 ¢

AN

T U R CETI
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Practical 14: Equation of Cone

AN

W e

. Find the equation of a cone with vertex at the point (3,1,2) and guiding

curve is 222 + 3y* = 1, 2 = 0.

Find the equation of the right circular cone with vertex at (2, —1,4), the line
r—2 y+1 =z-4
12—l

as the axis and semi-verticle angle cos™! (—)

V6

Find the equation of the cone whose vertex (1, 1,2) and guiding curve is the

2 2
. x oy
1l —+==1, z=0.
ellipse 1 + 5 , 2
Find tlﬁgéquatlon of cone passing through the coordinate axes and having
x Yy z Ty
th S —=—=—and - = = — as generators.

1 -2 3 37 -1 -1

ind the equation of a right circular cone whose vertex is at the origin and

x Z
axis is the line — = y_z with semivertical angle of 60°

1 2 3

Show that the equation 722 +2y? +22% — 1022 + 102y + 262 — 2y +22—17 = 0
represents a cone. Find the vertex,.

Show that the line r_Y _=Z is a gé}gsl‘{étor of the cone 2% + y* + 22 +
2 -1 3

doy —xz = 0. @

Show that the equation 422 z + 2:1:y 3yz + 12z — 11y +624+4=0

represents a cone with ver ex he point ( —2,-3).

. Determine the equation @g@ ight circular cone having vertex at (2,3, 1), axis

parallel to the line —y = —2z and one of its generators having d.r.s

1,1,1. NS
©
?;Q' 0. 0.0.¢
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Practical 15: Equation of Cylinder

1. Find the equation of a right circular cylinder of radius 2, whose axis passes
through (1,2,3) and has direction cosines proportional to 2, —3, 6.

2. Find the equation of right circular cylinder of radius 3 whose axis lies along
. orz—1 y+3 =z-2
the line = = .
-1 5

3. Obtain the equation of a right circular cylinder whose guiding curve is the
circle 22 +92 +22-9=0, 2 —y+2—-3=0.

4. Find the equation of right circular of radius 1, whose axis is the line of in
tersectf@a of two planes v — 2y +3=0, 2y —2—1=0.

the equation of the right circular cylinder whose axis is L 5 = =
& and which passes through the point (0,0, 1).

/\)C@ 6. Flnd the equatlon of right circular cylinder of radius 2 whose axis lies is the

hne r-¥ —.

1 —2 2

T Qﬁ
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